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Abstract

Generalized stochastic integral from predictable operator-valued random process with respect to a cylindrical Wiener process in
an arbitrary Banach space is defined. The question of existence of the stochastic integral in a Banach space is reduced to the problem
of decomposability of the generalized random element. The sufficient condition of existence of the stochastic integral in terms of
p-absolutely summing operators is given. The stochastic differential equation for generalized random processes is considered and
existence and uniqueness of the solution is developed. As a consequence, the corresponding results of the stochastic differential
equations in an arbitrary Banach space are given.
© 2016 Ivane Javakhishvili Thilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

First results on the infinite dimensional stochastic differential equations started to appear in the mid 1960s. The
traditional finite dimensional methods gave desired results for Hilbert space case (see [1,2]), but they turned out
deadlock in the general Banach space case. Then, researchers began to develop the problem in such Banach spaces,
the geometry of which is close to the geometry of Hilbert space (see for example [3,4]). Important results are received
in the case, when the Banach space has UMD property (see [5-7]). But the class of UMD Banach spaces is very
narrow—they are reflexive Banach spaces. Stochastic analysis in UMD spaces intensively developed after the end of
the eighties of the lust century, but the class of Banach spaces, where the traditional methods give desired results, has
not yet extended. Numerous works are dedicated to this problem (see [8—10,6]). Therefore, it is greatly interesting to
develop the stochastic differential equations in an arbitrary Banach space.

The first step to investigate this direction is to construct the Ito stochastic integral in an arbitrary separable Banach
space. Stochastic integral for Banach space valued non random function by one dimensional Wiener process (the
Wiener integral) is constructed in [11]. Stochastic integral from operator-valued non-random process by the Banach
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space valued Wiener process is considered in [12]. In [13] is constructed the stochastic integral from operator-
valued (from Hilbert space to Banach space) non random function by the cylindrical Wiener process. There are also
considered the traditional conditions of the existence of the stochastic integral with relation to the geometry of Banach
space. The Ito stochastic integral in 2-uniformly smooth Banach spaces is considered in [3,14-16]. In [17] is shown,
that the property of definition of 2-uniformly smooth Banach space is equivalent to the martingale type 2 property.
Stochastic integral in UMD Banach spaces is constructed in [18,19,7]. In [20] is considered linear stochastic evolution
equations on some special Banach spaces. We define the generalized stochastic integral in an arbitrary Separable
Banach space for a wide class of non-anticipating operator-valued random processes by the cylindrical Wiener process,
which is a generalized random element (a random linear function or a cylindrical random element), and if there
exists the corresponding random element, that is, if this generalized random element is decomposable by the Banach
space valued random element, then we say that this random element is the stochastic integral. Thus, the problem of
existence of the stochastic integral in an arbitrary separable Banach space is reduced to the well known problem of
decomposability of the generalized random element. We give the sufficient condition of existence of the stochastic
integral using the L. Schwartz’s and S. Kwapien’s result in terms of p-absolutely summing operator (see [21,22]).

The second main problem to develop the stochastic differential equations in a Banach space is to estimate the
stochastic integral, which is necessary for the iteration procedure to prove the existence and uniqueness of the solution.
Such estimation is yet impossible in an arbitrary Banach space case. We consider the Banach space of generalized
random elements and introduce there the stochastic differential equation for the generalized random process. For this
situation, it is possible to use traditional methods to develop the problem of existence and uniqueness of the solution
as a generalized random process. Afterward, from the main stochastic differential equation in an arbitrary Banach
space we produce the equation for a generalized random process. As we have proved the existence and uniqueness
of the solution of this equation, we receive the generalized random process as a solution of the produced stochastic
differential equation. If this generalized random process is decomposable, then the corresponding Banach space valued
random process will be the solution of the main stochastic differential equation in a Banach space. Therefore, we have
also reduced the problem of existence of the solution of the stochastic differential equation in an arbitrary Banach
space to the problem of decomposability of the generalized random element.

The investigation of the stochastic differential equations in a Banach space takes place in three directions. They can
be described by means of the corresponding stochastic integrals in the equation. In the first (relatively) direction, the
integrand non-anticipating process takes its values in a Banach space and the stochastic integral is taken by the scalar
Wiener process. We considered this case in the paper [23]. In the second direction the integrand non-anticipating
process is operator-valued (from Banach space to Banach space) and the stochastic integral is taken by the Wiener
process in a Banach space. This case we investigated in the papers [24—26]. In the third direction the integrand is an
operator-valued non-anticipating random function from Hilbert space to Banach space while the stochastic integral is
taken by the cylindrical Wiener process in a Hilbert space. This article is devoted to this direction.

Now we give some definitions and preliminary results to realize our approach.

Let X be a real separable Banach space. X*—its conjugate, B(X)—the Borel o-algebra of X, ({2, B, P)—a
probability space. The continuous linear operator L : X* — L,({2, B, P) is called a generalized random element
(GRE). (Sometimes the terms: linear random function or cylindrical random element are used). We consider such
GRE, which maps X* to a fixed closed separable subspace G C Ly ({2, B, P). Denote M| := L(X™*, G)—the Banach
space of GRE with the norm || L|| = supj«<; |[Lx*[|L,. A random element (measurable map) & : 2 — X is said to
have a weak second order, if, for all x* € X*, E (£, x*)2 < c0. & we can realize as an element of M : Lex™ = (£, x7%).
But in infinite dimensional spaces not every GRE may be represented by the Banach space valued random element.
The problem of finding the conditions under which the GRE is represented by the Banach space valued random
element is well known, otherwise also called the problem of decomposability of the GRE. This is the reason why
we allot the superiority to the term GRE; GRE is a generalization of the random element in the infinite dimensional
spaces. In the finite dimensional spaces every GRE is decomposable, thus, it is a random element. This term was early
used by many authors (see for example [27,28,2,22] p. 140). Likewise, the problem of decomposability of the GRE
is equal to the problem of extension of the finite additive (cylindrical) measure to the o-additive measure. This is a
reason why the term “cylindrical random element” appears.

Denote by M> the linear space of all random elements of the weak second order with the norm ||§] = || Lg].
Therefore, we can assume M, C M.
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Let L € M;. Consider the map my : X* — R, myx* = ELx*. my, is linear and bounded, therefore m; € X**,
which is called the mean of the GRE L. When L € M, that is, if there exists £ : {2 — X such that Lx* = (&, x*),
then m € X (see [22] Th.2.3.1), and it is the Pettis integral of &. Further we consider the GRE with the mean 0.

The covariance operator of L € M| is a symmetric and positive operator Ry : X* — X** (Rpx*, y*) = ELx*Ly*
for all x* and y* from X*. R = L*L. It is known that if L = Lg € M, then Ry maps X* to X (see
[22, Th.3.2.1]), and if R is a positive and symmetric linear operator from X* to X, then there exist (X )keny C X*
and (xg)keny C X such that (ka, .) = &> ka = xi, and for x* € X*, Rx* Zk 1 {xk, x¥)xg (see [22, Lemma
3.1.1]). In general, for a positive and symmetric linear operator Ry, : X* — X™** (as G is a separable subspace
of L,({2, B, P)), there exist (x*)keN C X* and (x{")ken C X** such that (Rx,f,x}'f) = &, Rx} = x*, and for
x* e X*, Rx* Zk L, X)X

Proposition 1. Let T be a GRE. There exist (x;)xen C X* and (x;:*)keN C X** such that for all x* € X*,
= po (X, ) T, ETx,fo (RTx[, x 4) =8y, Rrxf = x*, Ryx™ = Y02 (%, ) x5, Therefore, if
T is a Gaussian, then Tx, k = 1,2, ... are mdependent, standard Gausszan random variables.

Proof. Consider the covariance operator of the GRE T, Ry : X* — X*, Rr = T*T. Let (x{)ken C X* and
(X )ken C X** be such that (RTx;(“, ;’f) = &j, Rrx} = x*, Rrx*™ = Zk L, X ), for all x* e X*
If we take up T,x* = > j_ ! (x* xk )Tx}, then E(Tx — Tyx*)? = E(Tx*)? — 2ETx*T,x* + E(T,x*)? =
S, )2 = 23, ) Y g, Xt =300 (X x*)2 = 0.

Therefore Tx* =) /7 (x*, xk)Tx,f.

If T is a Gaussian GRE, then T'x; and T x,, are independent for all k # m as ETxTx,;, = (Rrx}[, x,) = 6xm =
0. O

A family of GRE (L;)s¢[0,1] is called a generalized random process (GRP). A weak second order Banach space
valued random process (&;);¢[0,1] can be represented as a GRP: Lg,x* = (&, x*). The GRP is called Gaussian, if for
allty,tp, ..., 1, and x|, xJ ..., xp, the n-dimensional vector (L, x}, L;,x3, ..., Ly, x;) is a Gaussian vector in R".

Definition 1. The Gaussian generalized random process (Wg (t))s¢[0,1] in a separable Hilbert space H is called a
cylindrical Wiener process, if for all # and g from H, and ¢, s, from [0, 1], EWg (t)hWg(s)g = min(t, s)(h, g).

Proposition 2. Let (W (t))ic[0,1] be a cylindrical Wiener process in H. For any orthonormal basis (ex)ren in
H, there exists the sequence of independent, standard, real valued Wiener processes wi(t) such that Wy (t)h =

Zk 1€k, Ywy (7).

Proof. For any orthonormal basis (e )ren the random processes Wy (f)ex, k = 1, 2, ... are standard, one dimensional,
independent Wiener processes in H. Therefore, Wy (tH)h = Wr(t) > po (h, exdex = D po i (h, ex) Wa(Dex =
> e (ek, hywk (1), where wi(t) = Wr(Hex, k= 1,2, . O

Definition 2. The Gaussian GRP (7});¢[o, 1] is called a generalized Wiener process in a Banach space X, if, for all x* €
X*, T;x* is one dimensional Wiener process and for all 7, s from [0, 1] and y* € X*, ET;x*T;y* = min(z, s) (Rx*y™*),
where R : X* — X** is the covariance operator of the GRE 7.

Let R be the covariance operator of the GRE T, R : X* — X™** by the factorization lemma (see [22, Lemma
3.1.1]) we have R = A*A, where A : H — X™*, H is a real separable Hilbert space.

Proposition 3. Let (T;)c[0,1] be a generalized Wiener process and R be the covariance operator of T, R = AA™.
A 1 H — X*. There exists the cylindrical Wiener process (W (t))ie0,1), in H such that T; = AWg(t) =
Z,‘fil Aepwyi(t), where (ex)ken is an orthonormal basis in H and wi(t), k = 1,2,... is a sequence of one
dimensional independent Wiener processes. Therefore every generalized Wiener process in X is the “image” of the
cylindrical Wiener process in a separable Hilbert space H.

Proof. Let R = AA™ be the covariance operator of the GRE T1 We have (x} )keN C X*and (x;")rey C X™

such that, (Rx}, x *) = &, Rxj = x* and for x* € X*, Zk (7, x*)x*. By the definition of the
generalized Wlener process, T,xk, k=1,2,...areone d1mens1ona1 Wiener processes, and for all ¢, s from [0, 1] and
x;‘f, ETtx;jTSx;f = min(¢, s)(Rx;jxj) = 0, j. Therefore T;x} := wy(¢), k = 1, ... is a sequence of one dimensional

independent Wiener processes.
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Denote T, (1) = Dy Aegwi (1) = Yy, x*Tyx;. Then, for any x* € X*,
E(Tix* — Ty(1)x*)* = E(T;x*)* — 2ET,x* T, (1)x* + E (T, (1)x*)?

n n
= t(Rx*, x*) = 2t Y (Rxj, x*) + tZ(Rx,f, x5
k=1 =

o0

= ixk ; 2_ZZH:(XE*’ Z X" Z (o x%)? > 0.
k=1 k=1

k=n+1
Thatis, T;x* = lim 7, (1)x* = > _po  (Aex, x* )w (1) = Iim(A(Q_}_; exwi (1)), x*) = (AWg (1), x*). O

Remark 1. In [29] we have analyzed the definition of the Wiener processes in a Banach space, where we have
used the term “canonical generalized Wiener Process” instead of the term “cylindrical Wiener process”. The term
“cylindrical random element” appeared in relation to the cylindrical measures in vector spaces, as cylindrical random
element (generalized random element) induces the finitely additive measure in a Banach space, which is naturally
defined in the cylindrical algebra. We mentioned above the reason why we use the term GRE. In our opinion this term
better responds to the purpose of the definition than the term “cylindrical random element”. As the term “cylindrical
Wiener process” is widely applied in literature, we also use this term here and intend to continue discussions on the
terminology.

Remark 2. If H = R" and (Wg(#)):e0,1] 1s n-dimensional standard Wiener process Wy (1) = (Wy(t)ey, ...,
Wr(t)e,) = (wi(t), wa(t), ..., wy(t)), then, for all linear operators A : R" — R", (AWg(t))ie0,1] is a
Wiener process in R" with covariance operator R = AA*. For infinite dimensional H and bounded linear operator
A: H — H, (AWu(®))ieo,11, AWH() = Zk 1 Aewy (¢) is a Hilbert space valued Wiener process with the
covariance operator R = AA*, if, and only if, A is a Hilbert-Schmidt operator. The generalized Wiener process in
X, Woiero,1 = (AWH())ie0,17, A : H — X, is X-valued Wiener process, if, and only if, R = AA* is a Gaussian
covariance. The sum W, = Z,fil Aepwy(t) converges a.s. uniformly for 7 in X (see [30,31,25]).

Remark 3. Wiener process in a Banach space was first considered by L. Gross [32]. He introduced for it a special
term—the measurable pseudonorm. The definition of the Wiener process introduced by L. Gross is unnatural in
comparison with the definition of the finite dimensional Wiener process. The definition of the covariance operator
of the Banach space valued random elements (see [33,22]) allows to consider Wiener process in a Banach space
analogous to the finite dimensional case.

2. Stochastic integrals
2.1. Stochastic integral of the Hilbert space valued random function by the cylindrical Wiener process

Let (Wy (t)):e[0,1] be a cylindrical Wiener process in H, (F;);c[0,1j—Dbe the increasing family of o-algebras such
that (a) for all h € H, Wg(¢t)h is Fy-measurable for all # € [0, 1]; (b) Wy (s)h — Wg(¢)h is independent to the
o-algebra F; for all s > t. F; contains all P-null sets from B. We say that (W (¢)):¢[0,17 is adapted to the family
(F)ef0,17- Consider the non-anticipating function ¢ : [0, 1] x 2 — H, thatis, ¢ is B([0, 1]) x B({2)-measurable and
(1) is Fy-measurable for all ¢ € [0, 1].

We define the stochastic integral for a non-anticipating function ¢ : [0, 1] x 2 — H, fol Jo lell?dtd P < oo by
the cylindrical Wiener process (Wg (t))se[0,1]-

If ¢(t, w) is a step function, ¢(t, w) = ZZ;& O K 0 =10 < 1 < -+ <ty = 1, ¢y 1 2 —
H, k = 0,1,...,(n — 1), then the stochastic integral of ¢ by the (Wg(?)):c[0,1] is defined by the equality
fol e(AWh (1) = Yo (Wh (tes1) — Wi (), ¢(60).

Let (h;);cn be any orthonormal basis in H, then WH (t)h; = w; (¢) are independent F;-adapted standard real valued

Wiener processes and [ (t)d W (t) = Y420 302 (hi, (010)) (w; (fr1) — w; (1)
We have E(fo p(dWy(1)? = Zk=o(tk+1 — )Y E{py, h h)? = k;(l)E”(P(lk)llz(tkH -
fol [0 llp(t, w)|[*dtd P.
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The following lemma will be used to define the stochastic integral of non-anticipating function from L, ([0, 1] x
2, H).

Lemma 1. For any non-anticipating function ¢(t, w) € L,([0, 1] x 2, H) there exists a sequence of non-anticipating
step functions ¢, (t, w) € Ly([0, 1] x 2, H) such that ¢, — ¢ in Lo([0, 1] x {2, H).

Proof. Define ¢, (1, w) = Y ;_,{¢(t, ®), hi)hi. We have

2
1 1 n o]
/Euqsn—gonzdr:/ E |y (ot o), hidhi = Y (o(t, o), hidhi | dt
0 0 k=1 k=1
1 00 2 1 o0
=/ E Z (o(t, ), hi)hi dt:/ E Z (o(t, ), h)?dt — 0.
0 k=n+1 0 k=n+1

For a fixed k € N, let (¢xm)men be a sequence of real valued non-anticipating step functions such that
. 1
Qkm —> {@, hi)in Ly ([0, 1]x £2), whenm — oo. Let Oum = ZZ=1 @kmhi. Then ”‘pnm_(pn”%z = ZZ:l _/0 fQ((pkm -
((p,hk))zdth — 0. Therefore we can choose a subsequence (¢,)nen Of ((@)nm)n.men converging to ¢ in
L>([0, 1] x §2, H). Lemma 1 is proved. [

Let (¢, w) € L»([0, 1] x {2, H) be a non-anticipating function. By Lemma I, there exists the sequence of
step functions (¢,),en converging to ¢ in Ly ([0, 1] x 2, H). Then as E(fo1 on()dWg () — (pm(t)dWH(t))2 =
fol E|l¢n — ¢ml*dt — 0, n, m — oo, we can define the stochastic integral for an arbitrary non-anticipating function
@(t, ) € La([0, 1] x {2, H).

Definition 3. Let ¢ (7, w) € Lo([0, 1]x {2, H) be a non-anticipating function. The limit of the sequence of the random
variables fol O ()dWg (t) in Ly (2) is called the stochastic integral of ¢ by the cylindrical Wiener process in H, and
is denoted by [} ¢(1)d W (1).

We can naturally define the stochastic integral fot o(s)dWg(s) for all t+ € [0, 1]. It is easy to see that

fot e($)dWh(s) = Y rey fot(go(s), ex)dwy (s), where (ex)ren is an arbitrary orthonormal basis in H and (wi(t) =
Wh ()er)ie[o,17, kK = 1, 2. .. are independent one-dimensional standard Wiener processes.

2.2. Stochastic integral of operator valued random process by the cylindrical Wiener process

Let (F);¢[o,17 be afiltration, (12, B, P), (Wg (1)):<[0,17 be the cylindrical Wiener process in H adapted to (F;)s¢[0,17,
X be areal separable Banach space. Consider the Banach space of linear bounded operators L(H, X)(L(X*, H)) from
H to X (from X* to H).

Definition 4. A function ¢ (¢, w) : [0, 1] x 2 — L(H, X) is called non-anticipating with respect to (F);¢0,1], if

1. For all & € H the function (t X w) — ¢(t, w)h is measurable;
2. Forallh € H,t € [0, 1] the function w — ¢(¢, w)h is F;-measurable.

Definition 5. We say that a non-anticipating function ¢(¢, ) : [0,1] x 2 — L(H, X) belongs to the class
G(L(H, X)) if

1
sup / / lo* (1, 0)x*||*dtd P < oo,
0 Jo

lx*=1

where ¢*(¢, ) is the conjugate of the operator ¢(t, w). We can define the norm in the linear space G(L(H, X)):
el = supjeey<i fo Jo g™ (¢, 0)x*|2did P,

Letyp € G(L(H, X)) and take any x* € X*. ¢*x™ maps [0, 1] x {2 into H, fol fg lo*x*||>dtd P < oo and it is non-
anticipating. Therefore, we can define the stochastic integral fol ©*(t, w)x*dWg (t) which is a real random variable

with variance [} [, l¢*(t, @)x*||2dtd P. Consider the map T, : X* — La(2, B, P), Tyx* = [} ¢*(t, @)x*d Wy (¢).
T, is a GRE.
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Definition 6. Let ¢ € G(L(H, X)). The generalized random element 7, : X* — L2({2, B, P), Tyx* = fol o, w)
x*dWp (t) is called the generalized stochastic integral of the operator-valued random function ¢ with respect to the
cylindrical Wiener process (Wg (£))re[0,1]-

Accordingly, we define the generalized stochastic integral T, (t)x* = fot ©*(s, w)x*dWpg (s), forall t € [0, 1].

We have [j ¢*(s, @)x*dWp (s) = Yooy [2{9* (s, 0)x*, ex)dwi (1), where w(t) = (Wg (1), ex), k = 1,2, ... are
one dimensional independent standard Wiener processes.

For any ¢ € G(L(H, X)) the generalized stochastic integral as a GRE exists.

Letp € G(L(H, X)), T, : X* — L2({2, B, P) be a generalized stochastic integral of ¢. Denote by L, : X* —
X** the covariance operator of the GRE 7j,. It is easy to see that L, = T,/ T,.

Theorem 1. The covariance operator of the generalized stochastic integral of an operator-valued random function
¢ € G(L(H,X)) with respect to the cylindrical Wiener process (Wp(t))ic0,1] has the form Lyx* =

fol [ wp*x*dtd P and maps X* to X (the double integral is meant in the sense of Pettis).

Proof. Let us find the value of the operator L, on x* € X*. For any x] € X*, we have
1 1
(Lpx™, x{) = ET,x*Tyx] = Ef (p(t,a))*x*dWH(t)/ o(t, ) x{dWg (1)
0 0

1 1
=/ /((p*(t,w)x*,go*(t,a))xi“)ydth=/ /((p(p*x*,xi‘)dth.
0 JN 0o Jn

Therefore the Pettis integral fol / o 99 *x*dtd P as an element of X** exists for all x* € X*.
Let (hy)ren be an orthonormal basis in H. Then

1 1 o]
Lyx™ = / / o(t, w)e*(t, w)x*dtd P :/ / o(t, w) (Z(go*(t, w)x*, hk)hk> dtd P
0 J 0 JN

k=1
1 00
=/ /Z(fﬂ(l,w)hk,x*)q)(t,w)hkdth.
0 V2,

Denote Lf,f’) = fol Jo 2iei (@, @)hi, x*)@(t, w)hidrd P. Consider the random element phy : [0, 1] x 2 — X,
k=1,2,.... As ¢hy is arandom element of the weak second order, its covariance operator maps X * to X and equals

Lix* = [} [ole(t, o)hg, x*)o(t, w)hidtd P.
Therefore, for all n and x*, Lfﬂ")x* belongs to X. As X is a closed subspace of X**, it is enough to prove the
convergence of the sequence L((p")x*, n=12,...,tothe Lyx*in X** for all x* € X*. We have

1 00
ILx* — LYx*| = sup / / D o, @)hi, x*)g(t, @), x7)dtd P
lxfll<1 /0 J2 S0

1 0 172
, w)hi, *2ddP>
sup (/O/Q Y (ot o)hi, x7)dt

Ixfli<1 k=n+1

1 00 12
X </ / Z {o(t, a))hk,x*)zdth> — 0.
0 J

k=n+1

IA

As we have

1 % 1/2
(/ / Z (w(f,w)hk,X*)zdfdP) — 0 and
0 Qk:n+l

1 0 1/2
sup (/ f > <¢(z,w)hk,xr>2dth> < |[Lyx*|| < oo.
0 JR

xfl<t1 k=n+1

Therefore L((p")x* — Lyx*,n — oo. Thatis L,x* € X. Theorem 1 is proved. [J
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We defined the generalized stochastic integral for a wide class of non-anticipating operator-valued random
functions G(L(H, X)). The generalized stochastic integral from ¢ € G(L(H, X)) is GRE. This GRE T, is not
always decomposable. That is, there does not always exist a random element & : {2 — X such that Tyx* = (&, x*),
x* e X*.

Definition 7. Let ¢ € G(L(H, X)) be an operator-valued non-anticipating random function. We say that a random
element & : {2 — X (if such element exists) is the stochastic integral of ¢ with respect to a cylindrical Wiener process

(Wa ()ieo,1) if for all x* € X*T,x* = (£, x*) a.s. and write £ = fol o(t, w)dWg(t).

Thus, the question of the existence of the stochastic integral is reduced to the problem of decomposability of the
GRE. This problem is equivalent to the problem of extension of the weak second order cylindrical measure to the
countable-additive measure. Therefore, to study the problem of the existence of the stochastic integral we can use the
results in the mentioned fields.

Now we give a sufficient condition of existence of the stochastic integral from the operator-valued non-anticipating
random process by the cylindrical Wiener process using the term of p-absolutely summing operators. In case of the
Banach spaces the role of the Hilbert—Schmidt operator plays the p-absolutely summing operator.

Definition 8. A linear operator A : H — X is called p-absolutely summing, if there exist a constant ¢ > 0 such that
forallnm € N and hy, hy, ..., h, from H

n 1/p n 1/p
(Z ||Ah,-||”> <c sup (Dhi,hw’) :
i=1 i

IAl<1\7=1

If X is a Hilbert space, then for any p > 1 the class of the p-absolutely summing operators from H to H coincides
with the class of the Hilbert—Schmidt operators (see [34, Corr. 3.16 and Th.4.10]].

By the factorization lemma, the covariance operator L, factorized through separable Hilbert space L, = AA¥,
A : H — X, if (ex)ren is the orthonormal basis in H, then there exists (xz)reny and (x,’;)keN such that Ae;y = xg,
{(xk, x;’f) =&, jand L, = > ey (ks X)Xk

Theorem 2. Let ¢ € G(L(H, X)) be an operator-valued non-anticipating random process, Lox™ = fol f o 9e*
x*dtd P be the covariance operator of the generalized stochastic integral of ¢ with respect to the cylindrical
Wiener process (Wg (t))iej0,1)- If Ly, = AA* be such, that A : H — X is the p-absolutely summing operator
for any p > 2, there exists the closed subspace S C Ly(2, B, P) such that for all x* € X*Tyx* € S and

S C L,($2,B,P) C Lx(R2, B, P), then the stochastic integral § = fol o(t, w)dWg(t) exists, E|E|IP < oo,
& = Z,filxk fO *(t, a))xdeH(t) and the convergence is in L,(§2, X), where Aey = xi, (xi,x j> = &,; and
Ly =Y 02 (X5, x*)x¢.

Proof. By Proposition 1, for any x* € X*, we have T,x* = fol @*(t, 0)x*dWh (1) = D g (xk, x*) fol ¥ (1, w)x}
dWg(t). Since Tyx* € Sand S C L,(f2, B, P), we can consider the identical map / : § — L,({2, B, P). By the

1

closed graph theorem, I is a bounded operator, therefore, there exists ¢ > 0, such that (E(T,x*)?)? < c(E(T(px*)z)%.
In a Hilbert space H consider the sum 1, = > ;_; ek fo @*(t, w)x;dWy (t). For all h € H, (n,, h) converges in
L,(02, B, P) as

1

PN 7
(ex, h w *(t, w)xdeH(t)) )

m

(E({nn, h) — (1, h )‘")”— E

1

m p >
<E e*(t, a))< (ek,h)xZ‘)) dt) dt
0 k=n
m 2 1 m 1
2 2
c<E< o*(t, a))( (ek,h)x,f>> dt) = (Z(h,ek)z) — 0.
k=n k=n

"
(f

IA
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Here we used the following equalities: (in*,x;.‘) =6 = ET(pxl?kT(px;‘ = fol fQ(go*(t,w)xi*(p*(t,w)x;f)dth.
That is, (17,)nen 1s a sequence of the weak pth order random elements in A such that, for all 7 € H, the sequence
(nn, h) convergesin L, ({2, B, P). As A is a p-absolutely summing operator, by the lemma 6.5.2 of [22], the sequence

Doy Aex fol @*(t, w)x{dWp (t) converges in L ,({2, X). Therefore, the stochastic integral & = fol o(t, w)dWy (1)
exists, £ = 300, xx [ % (1, 0)xfdWy (1) and E||§]|P < 00. O
Remark 4. Stochastic integral of operator-valued non-anticipating random process by the Wiener process in an

arbitrary Banach spaces we considered in [24] (see also [25]), where we gave the sufficient condition of existence
of the stochastic integral using p-absolutely summing operators.

Denote by M IH = L(X*, Ly({2, B, P, H)) the Banach space of generalized random elements with the norm
IT 1% = supy<i [ ITx*|?dP < 00.If @ : 2 — L(H, X)is such that forall x* € X*, [, [l¢*x*[|?d P < oo, then,
by the closed graph theorem, T, : X* — Ly (§2, B, P, H), Tox* = ¢*x* belongs to the space MIH. Denote by M2H the
subspace of MlH of such GRE T, that ¢ : 2 — L(H, X) and [, lo*x*||1?d P < oo, for all x* € X*. Consider now
the family of linear bounded operators (T ):efo,17, Ty : X* — L2(£2, B, P, H) such that for all x* € X* the random

process T;x* is non-anticipating and sup .« < fol fQ | T;x*||?dtd P < oo. Denote by TMlH the Banach space of such
family of operators (7};):<[0,1]- We can define the generalized stochastic integral from (7;)s¢[0,11 € TM IH .

Definition 9. Consider the GRP (T;)¢(0,1] € TM lH . The stochastic integral from (7});¢[0,1] by the cylindrical Wiener
process in H is the GRE defined by I7x* = fol Tix*dWg (1), for all x* € X*.

It is easy to see, that
1 oo pl
Irx* :/ Tx*dWy (1) = Z/ (Tix*(w), ex)dwy(1).
0 k=179

We have

2
1 1
7] = sup E</ T,x*dWH(t)> = sup / / I T;x*||>dzd P.
lx*[=<1 0 lxxI<1Jo J2

Accordingly, we have the isometrical operator

% ol
I:TM{" — My, I((Td)eo.n) = Z/ (Tix™ (), ex)dwi(t).
k=170

3. Stochastic differential equations
3.1. Stochastic differential equation for generalized random process driven by the cylindrical Wiener process

Consider now the Banach space of GRE M and the stochastic differential equation for generalized random process
in it:

dT; = a(t, T)dt + B(t, T;)dWy (1), (1)

with Fp-measurable initial condition 7o = L, where a : [0, 1] x M| — M and B : [0, 1] x M| — MlH.

Definition 10. A GRP (T;);¢0,1] is called the strong generalized solution of Eq. (1) with the Fp-measurable initial
condition Ty = L, if the following assertions are true:

for all x* € X*, a(z, Ty)x™ and B(z, T;)x™ are B[O, 1] x F; measurable;

Efol (a(t, T)x*)%dt + Efol | B(t, T)x*||>dt < oo; T;x* is continuous, F;-adapted random process and for all
t €[0,1]and x* € X*,

T,x* = Tox* + [ a(s, Ty)x*ds + [, B(s, T)x*d W (s) as.
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Definition 11. We say that the stochastic differential equation (1) has a unique strong generalized solution, if
(Tt)tefo,17 and (T});¢[o, 17 are two solutions, then for each x* € X*,

P(w: Ty(w)x* = Ty(w)x* forallr € [0,1]) = 1.

The following theorem gives the sufficient conditions of existence and uniqueness of a strong generalized solution
to a stochastic differential equation for GRP.

Theorem 3. Suppose that the coefficients of the stochastic differential equation (1) satisfy the following conditions:
L llat, Dy, + 1B DIy = K2A+ITIG,),
2 Nla(t, T) = alt, iy, + 1B, T) = B Iy = KT = Sy,

Then there exists a unique strong generalized solution (7;);¢[0,1] to (1) with initial condition Tp = L, L € M, and
for all x* € X*, Lx* is Fy-measurable. The GRP T : [0, 1] — M, is continuous.

Proof. To prove this Theorem we use the one dimensional technique which works here successfully. For all ¢ € [0, 1],
(0)
let 7,”” = L and

t t
Tt(l’l)x* — T[(O)x* +/ a(s, Ts(nfl))x*ds +/ B*(S, Ts(nfl))x*dWH(s),
0 0

t 2
I =113, < 2 sup E( f (a(s, T) — as, T;"—”»x*ds)
0

fle*l<1

t 2
+2 sup (E ( f (B*(s, T,") — B*(s, Ts"‘“»x*dwf,(s)))
0

lx*l<1
t t
< 2/ la(s, Tx(n)) —afs, TS("_I))“%VI]dS + 2/ | B*(s, Ts(n)) — B*(s, Ts(n—l))”i/[Hds
0 0 1
t
< 2K? /0 I, = 1=V |13,,ds.

Then we have

(n+1) ) 2 2oty [ — 5) D 0 )2
I7; =T, My, = (2K9) W”TS = I3 13y, s
t 2 t 2
”Ts(l) _ TS(O)”%VII <2 ”/ a(s, TS(O))ds +2 ‘ / (B*s, TS(O))dWH(S) Y <2K*(1 + ||T()||%,[1)
0 M 0 M|

(n+D) _ Tt(”)”%l/l1 < pC"/n! for any positive p and C.

Consequently, ||7;
It is easy to see, that fot (B*(s, Ts(n)) — B*(s, TY("_I))x*)d Wy (s) is a martingale for all fixed x* € X* and therefore,

2
E sup

0<t<l

1
<4 / ENl(B*(s. T™) — B*(s, T"~V))x*|1?ds
0

t
/ (B*(s, T™M) — B*(s, T" " D))x* dWpy (s)
0

1
<4 sup / E|(B*(s, T{™) — B*(s, T""V))x*||*ds
0

el
1
<4 [ ENE 6T - B 6 T ) s
0
Therefore, we have

t

E sup |(T"TD — 7™)x*2 < 2E sup /((a(s, M) —a(s, T/~ V))x*)2ds
0<t<l 0<t<1J0

2

+2E sup

0<t<1

t
/ (B*(s, T™) — B*(s, T®D))x* dWp (s)
0
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1 1
< 2/ la(s, Ty(n)) —af(s, Ty(n—l))”%v[lds + 8[ ||B*(S, TS(’!)) _ B*(s, ]“S(n—l))”?wlds
0 0

n—1
- 10pC .
-~ (n—-1)
Then we have
S 1 1 > | © 40n-1
Sop(sup I =1 = =) < 3 ontE ( sup (BT = T < 10p Y :
n=1 0=r=1 n n=1 0<r<1 =l (n — 1)'

By the Borel-Cantelli lemma, the series Tt(o)x*(a)) + 302, (Tt(") (w) — Tt(”_l)(a)))x* converges uniformly for ¢
(P-a.s.) to the continuous random process which we denote by T;x*, x* € X*. Therefore, we get GRP T; : X* —
L,(f2, B, P). From Eq. (2) we obtain

' t
Tx* = TOx* +/ a(s, Ty)x*ds +/ B*(s, T)x*dWg(s) a.s.
0 0

Therefore, the GRP (73), t € [0, 1], constructed above, is a strong generalized solution of Eq. (1).
The uniqueness of the solution we can prove similarly to the finite dimensional case. [J

3.2. Stochastic differential equation in an arbitrary Banach space driven by the cylindrical Wiener process

Let us now consider the stochastic differential equation in an arbitrary Banach space
d§ = a(t,&)dt + B(t, §)dWH (1), )
wherea : [0,1] x X - X and B : [0, 1] x X — L(H, X) are such functions that a(¢, £) € M, and B*(¢t,&) € M2H
for all # € [0, 1] and for all weak second order random elements £; and the following inequalities hold at that:
U N )11y, + 1B 915, < K20+ 115,
2. a(t, &) —aflt, 77)”/2\’11 +||B*(t, &) — B*(t, n)||i/lH < K2 —n|? - where & and n are weak second order X-valued
random elements. 1

We can extend the coefficients @ and B on M, C M correspondingly: Let T € My, there exists (&,),en C Mo
such that ||, — Ty, — 0. Then ||la(z, &) —af(t, $m)||%,1] < K?|&, —-‘§m||ﬁ41 — Oand || B(t, &,)h — B(z, ém)hlﬁ,[, <

K201 1En —Emllyy, — 0. 1B, &) = B* (1, &)1y, < K260 —Enllyy, — 0. Denote a(z, T) = limy—oo a(t, &),

B(t, T)h := lim,_,oc B(t,&,)h and B*(t, T) := lim B*(t, &,). a(t, T) € M, B(t, T)h € M, and B*(t,T) € M¥ C
M ]H . Therefore, we receive from Eq. (2) the corresponding stochastic differential equation for GRP:

dT, = a(t, T,)dt + B*(t, T,)d Wy (1), €)

with initial condition Tox* = (&p, x™*). It is easy to see that the coefficients of this equation satisfy the conditions 1
and 2 of Theorem 2.
Remember that we have the condition B*(¢, ) € MIH, that is supy .« < E[| B*x* 1?2 = SUP|* <1 Y e E(B*(1,€)

x*, ex)? < oo. Further we need the following assertion:

&)

sup > E(B*(t.£)x*, ex)* — 0. )

I 1=1 g =p

It is easy to see, that if B*(¢, &) satisfies the condition (4) for all & € M>, then this condition is true for all T € M.
Then we have the following theorem:

Theorem 4. If the coefficients of Eq. (2) satisfy the conditions 1', 2/, (4) and for all ¢ € M>, a(., ) from [0, 1] to M
and B*(., &) from [0, 1] to M{I are continuous, then the corresponding stochastic differential equation (3) possesses a

unique strong generalized solution with initial condition Tox™* = (&, x*). The solution (T;);c[0,17 is such that T; € M,
forallt € [0, 1].
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Proof. To use Theorem 2, it is enough to prove that in the iteration formula

t t

]"t(}’l)x* — T[(O)x* +/ a(s’ Y‘S(n—]))x*ds +f B*(S, Tty(n_l))x*dWH(S), (5)
0 0

the members fé a(s, TS(”fl))x*ds and fot B*(s, Ts("fl))x*d Wi (s) of the formula (5) belong to the space M, where

TOx* = (&, x*). As we showed above, a(t, T) and B(z, T)h belong to M, forall h € H.

In [23] we defined the generalized stochastic integral from the non-anticipating weak second order Banach
space valued random processes (from the non-anticipating GRP) by one dimensional standard Wiener process. If
¢(t,w) € G(L(H, X)) is a non-anticipating function, (Wg (¢))sc[0,1, W () = Z,fil exwi (1) is the cylindrical
Wiener process for any (ex)xey orthonormal basis of H, then ¢(t, w)ey is X-valued non-anticipating random process
for all k € N. The generalized stochastic integral fot o(t, w)exdwy (t) exists. This stochastic integral belongs to
M>; moreover, if L : [0,1] — Ma, is continuous, fol ||L(z‘)||ﬁ,,l < oo, then fol Lt)dw, € M, (see [23],
Theorem 2). We will use this result to prove that I (z) : X* — Ly({2, B, P), I(t)x* = fot B*(s, Ts(n_l))x*dWH(s)
belongs to M, for all n € N: x* — fé(B*(s, Tso)x*, ex)dwy(s) belongs to M,. If Ts(nfl) belongs to Mj,
then x* — f(;(B*(s, TS("_I))x*, ex)dwy(s) belongs to My. Therefore, I, (f) : X* — Lo(12, B, P), I,(t)x* =

-1 7 -1
Yory fo (B (s, T V)x*, ex)dwy (s) belongs to Ma: |1 () I (D113, = | 521 fo BGs. T Derdwi ()13, =
SUP | <1 otemst Jo E(B*(t, T D)x* er)2 — 0 by the condition (4) and Lebesgue Theorem, as supj <
S re st EGB* (@, T D)x* )2 < supjey< dopey E(B*(t, T""D)x*, e)? = sup« <y EIB*x*|> =
| B*(t, T<"—1>)x*||fw,, < K>+ |T" D)%) < oo, wehave I(t) € M. O

1

Consequently, we receive the GRP (T);c[0.1] € M2,

t t
Tix* = (&, x%) +/ (a(s, Ts),x*>ds+/ B*(s, Ts)x*d W (s) (6)
0 0

as a generalized solution of the stochastic differential equation (3) corresponding to the stochastic differential equation
(2) in an arbitrary separable Banach space.

Consider now the members of the equality (6): denote 7/x* = fot {a(s, Ty), x*)ds + fé B*(s, T)x*dWg (s). Let
L', be the covariance operator of the GRE T|. By Theorem 1, the operator L} maps X* to X. Let L| = A’A™ be the
factorization of the covariance operator L, A" : H — X. From Theorems 2 and 4 we receive the following:

Corollary 1. If the GRE T| satisfies the conditions of Theorem 2, in particular, if the operator A" : H — X
is 2-absolutely summing, then there exists the X-valued random process (§;)ici0,1) such that E|&; ||2 < 00 and
& = & + fota(s,és)ds + f(; B(s, &)dWy (s), that is, (§1)ief0,1] is the solution of the stochastic differential
equation (2) in an arbitrary separable Banach space.

Consider now a linear stochastic differential equation in a separable Banach space.
d&§ = A()&dt + B(1)§d Wy (1), )

where A : [0,1] — L(X,X)and B : [0,1] — L(X,L(H, X)) are continuous and B(¢, x) is such, that
there exists (ex)ren the orthonormal basis in H with the property SUP; (0,17 SUP|x*| <1 Z,fin ||B(t)*8€k,x*ll2 —
0, where 8., y+ is an element of L(H, X)*, (C, 8¢ ) = (Cex,x*), for all C € L(H,X). Denote D =
SUpP;¢(0,1] SUP|x*| <1 Z,fil ||B(t)*8ek,x*||2. Then max;cpo,11(IA(®)|l, D) = M < oo. For all weak second order random
elements &, we have

IAMENY, = sup E(AMNE x*)* = sup E(& A*(1)x*)?

lx*lI<1 [lx*I=<1
A*(t)x*
<§’ |A*()l

|A*(OI* sup E

x*li=<1

2
> < [A*O)* sup E(g,x*)* < M>(1+[I£]13,),

x*li=<1
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and for all weak second order random elements & and 1 we have also

IA@E — Ay, = sup E(A@E —n), x*)*

[lx*I<1
= sup E((£ —n), A*(O)x*)? = [|A*®)]* su E<(§— ) A*(’)x*>2
et " e LYY
< M? sup E((E —n).x")? = M?|E —nll}y,.

lx*l=1

Further, for all weak second order random elements &

IBOENS,n = sup ENB®E x*|?
! lx*I<1
o o
= sup E) ((B0&*x* er)> = sup EY (£, B() 8y )
lx*II<1 =1 lx*I<1 =1
= B(t)*(sx*e 2
< sup Y [B()*S ,*||2E<s,—”>
<1 ,; o I B(t)* 8o+
o0
< sup Y B0 Se e sup E(5, x*) < M|E]|3,-

X 1<1 =1 lxl=<1

Analogously, we can receive the inequality || B(#)& — B(t)n||i/l,, < M2||§ — 77”/2\41'
1

Further,
o0 o0
sup sup Y E(B*(1,§)x*,e)’ = sup sup Y E((B(E)*x*, ex)’
1e0,1] lx*l|<1 g =p te[0,1] Ix*[<1 =y

&)

= sup sup ZuB(t)*ax*ekan(s

2
te[0,1] lx* =1 k=

' ” B(t)*ax*ek ”

o0
IE13s, - sup  sup D IB(1)* e |I* — 0.
10,11 Ix*[1=<1 k=,

IA

Therefore, if there exists (ex)ken the orthonormal basis in H, such that sup, (g 17 SUP|x+| < Z,fin | B(t)*8¢;,x* > —
0, then for the linear stochastic differential equation (7) the conditions 1’ and 2’ and (4) are satisfied. Thus, by
Theorem 4 we have the following:

Theorem 5. For the linear stochastic differential equation (7), if there exists (ex)ren the orthonormal basis in H
with the property Sup;c(o, 1] SUP |+ <1 Y e, IB(1)*8¢; > — 0, then there exists the unique generalized solution of
this equation (Ty):cio0,11, Tt € M2 for all t € [0, 1] with the initial condition Tox™ = (&, x*), where & € M is
Fo-measurable.

In [26] we considered the stochastic differential equation driven by the Wiener process in a Banach space. If
R = UU™ is a Gaussian covariance in a Banach space, then W, = UWg(t) = Z,fil Uerwi(t), t € [0,1] is
a Wiener process in a Banach space for all orthonormal bases in H and convergence we have in C([0, 1], X). If
A:[0,1] - L(X,X)and B : [0,1] — L(X,L(X, X)) are continuous, then by Theorem 2 of [26], we have the
following.

Corollary 2. For the linear stochastic differential equation d&; = A(t)&:dt + (B(t)E)Ud Wy (t), where A : [0, 1] —
L(X,X)and B : [0,1] — L(X, L(X, X)) are continuous and R = UU* is a Gaussian covariance, there exists the
unique generalized solution (Tt)se(0,1}, Tt € M, for all t € [0, 1] with the initial condition Tox* = (&, x*), where
& € My is Fo-measurable.
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