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Intervention Act of modifying system’s variables, parameters that leads to a 

change in the system’s behavior or state influencing the system 

toward desired outcomes. 

Perforation An internal hole that develops through the walls of a body organ. 

Risk factors            Attributes or exposures that necessitate and increase the 

likelihood of a person being infected by a disease. 

 

 

 

 

 

 

 

 

 



xi 

 

LIST OF SYMBOLS 

µ   mu 

𝜆   lambda 

𝜀   epsilon 

𝜔   omega 

𝜏   tau 

𝜂   eta 

𝜓   psi 

𝛽   beta 

𝛼   alpha 

𝛿   delta 

𝜌   rho 

 

 

 

 

 

 

 

 

 

 

 



xii 

 

ABSTRACT 

Despite the great advancements in healthcare systems and sanitary improvements 

globally, sub-Saharan Africa including Kenya bears a significant burden of infectious 

diseases, among which typhoid fever continues to exert a notable toll. In this study, we 

developed a deterministic mathematical model to examine the interplay between 

human responses driven by the psychological factor of fear of infection, vaccination 

efforts, and the dynamics of human-to-human and environmental transmission of 

typhoid fever. The mathematical model was analyzed using theories of first-order 

ordinary differential equations to establish the existence of equilibrium points and their 

conditions for local and global stability. The reproduction number, 𝑅0, was established 

and distinct pathways for the transmission of infection were identified, shedding light 

on the crucial interactions among key population groups fueling the spread of typhoid 

fever disease. The model results suggest that, typhoid fever infection is heightened by 

both direct and indirect contact with infected individuals and contaminated 

environments. Additionally, lack or limited awareness contributes to decreased fear of 

infection and reluctance towards vaccination, further exacerbating the situation. 

Moreover, an increase in environmental transmission is observed due to elevated 

discharge rates from infected individuals. This study contributes valuable insights into 

the design of effective mitigation strategies aimed at combating typhoid fever in 

resource-limited settings. 
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CHAPTER ONE 

INTRODUCTION 

1.1 Background Information. 

Typhoid fever continues to present a global hazard, resulting in over 21 million 

infections and 200,000 fatalities annually (Ayoola, 2021). The disease is particularly 

endemic in sub-Saharan Africa, with about 400,000 incidences annually and a high 

mortality rate of about 0.762% (Kim et al., 2022). The high rates of morbidity and 

mortality associated with this infection can be partially attributed to the emergence and 

the spread of drug-resistant Salmonella Typhi bacteria, fueled by the widespread use 

of second-generation antibiotics such as ciprofloxacin and levofloxacin, which 

diminishes the efficacy of these antibiotics against this pathogen (Mina et al., 2023). 

In sub-Saharan Africa, including Kenya, a significant proportion of the population 

resides below the poverty line, inhabiting densely populated areas characterized by 

poor sanitation and heightened exposure to infected individuals and contaminated 

environments (Ng et al., 2023). These crowded spaces often lack adequate sanitation 

facilities, leaving vulnerable demographics, such as infants and school-ongoing 

children, particularly susceptible to adverse health effects from typhoid fever infection 

and other infectious diseases (Antillón et al., 2017). 

 Typhoid fever is endemic in Kenya, with approximately 126,000 incidences reported 

every year and frequent outbreaks observed in central, coastal and western parts of 

Kenya (Adi, 2018). Most of these outbreaks were traced to limited access to clean 

water sources, inadequate latrines, and poor hygiene facilities, particularly among 

street food vendors and their clients (Adi, 2018). Notably, in early 2023, Kenya 

reported an outbreak at one local secondary school in Western Kenya involving 1062 

patient cases, predominantly students, which resulted in a number of mortality cases 

(WHO, 2023). The outbreak was attributed to contaminated food, poor personal 

hygiene and untreated water (WHO, 2023). In most developing countries, prevention 

and control of typhoid fever disease include drinking treated water, proper sanitation, 

vaccination and adequate medical care (Mushanyu et al., 2018). 

Recent advancements in vaccination have contributed greatly to reduced incidences of 

typhoid fever globally (Kim et al., 2022). However, widespread rollout of typhoid 

fever vaccine as a routine tool for disease prevention in many endemic regions in sub-
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Saharan Africa continues to face significant hurdles (Duncan et al., 2020). Lack of 

adequate knowledge about typhoid fever vaccine, declining efficacy of typhoid fever 

vaccines over time, insufficient funding to support widespread vaccine rollout due to 

government priorities, inadequate health infrastructure, cultural and religious beliefs, 

community norms, vaccine hesitancy fueled by misinformation and distrust in 

healthcare systems are some of the factors hindering the uptake and efficacy of typhoid 

fever vaccines in endemic regions (Meiring et al., 2019). In addition, accessibility and 

affordability present significant challenges in sub-Saharan Africa, with vaccines 

potentially inaccessible due to cost or logistical hurdles (Addy, 2024). Implementing 

effective and affordable strategies is urgently required in most affected and high-risk 

populated areas to effectively control typhoid fever in resource-limited regions 

(Stanaway et al., 2020). 

 To further aid the understanding of typhoid fever dynamics, novel tools such as 

mathematical models have been employed to provide key insights influencing the 

spread of this disease and forecast potential interventions for effectively mitigating the 

disease (Edward, 2017, Matsebula, 2021, Mushayabasa, 2016, Volkova et al., 2013). 

Very few of these studies considered a combination of psychological factor of fear of 

infection and vaccination as control strategies. Historically, human behavior has been 

intricately linked to the dynamics of infectious diseases and therefore their 

understanding is key for effective control and management of infectious diseases such 

as typhoid fever (Verelst et al., 2016). Hence, the objective of this research study is to 

examine the effects of the psychological factor of fear of infection combined with 

vaccination in the transmission dynamics of typhoid fever while factoring in the direct 

and indirect modes of transmission. This study seeks to contribute valuable insights 

into the design of effective mitigation strategies aimed at combating typhoid fever in 

resource-limited settings. 

1.2 Statement of the Problem   

Despite global efforts in health care and sanitation to combat typhoid fever, it remains 

tenacious and alarming in areas where safe drinking water and proper sanitation are 

compromised. The infection greatly burdens the public and local health, leading to 

high morbidity and mortality rates. In addition, its impact on the socio-economic status 

hinders development and perpetuates poverty. 
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Several Mathematical models have been formulated for enhanced understanding in the 

transmission dynamics of typhoid disease. Most of these models have incorporated 

various factors for example; seasonality (Matsebula, 2021), limited public health 

resources (Mushanyu et al., 2018), drug resistance (Kanyi et al., 2021), antibiotic 

resistance (Volkova et al., 2013), and optimal screening (Mushayabasa, 2016) among 

others. However, very few models have taken into consideration the psychological 

factor of fear as an indispensable component in the human response to typhoid fever 

disease as well as vaccination which may subject to low achievement of the SDGs. 

Therefore, this study will incorporate the role of fear and vaccination in both direct 

and indirect transmission modes which has not been investigated before. Thus, this 

work will give a deeper understanding of how the aspect of fear influences people's 

actions and perceptions during outbreaks of typhoid fever disease as well as how they 

respond to vaccination. 

1.3 Justification of the Study 

Despite numerous studies being done by several researchers on the modeling of 

typhoid fever, there is few investigations on the modeling of typhoid fever considering 

the impact of human response to a disease. The disease is prevalent in densely 

populated areas and in low-income countries where poor hygiene, food, and water 

contamination are common. Since typhoid fever is an infectious disease, its outbreak 

causes severe complications which can be fatal and affect the socioeconomic status of 

the population affected. 

Understanding the basic mechanism of disease transmission is important for effective 

prevention and control strategies against typhoid fever. Mathematical modeling 

provides a unique approach to key insights into the dynamics of infectious diseases 

like typhoid fever. Thus, the study explores the impact of fear and vaccination as a 

disease control strategy, which reduces typhoid infection towards achieving 

sustainable development goals (SDGs).  

1.4 Significance of the Study 

The study model formulated helps public medical officers understand the transmission 

dynamics of typhoid fever and aid in decision-making on infectious disease 

intervention programs. In addition, this research work will broaden the potential of 
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researchers and scientists in the field of modeling the importance of human behavioral 

aspects in the spread of diseases.  

1.5 Research Questions 

1. How do human behavior and vaccination affect the transmission of typhoid 

fever? 

2. How is the deterministic model well-posed in presence of fear of infection and 

vaccination in typhoid dynamics? 

3. What is the impact of human behavior and vaccination on the spread of typhoid 

fever disease?  

1.6 Objectives of the Study   

1.6.1 General Objective   

To formulate a deterministic mathematical model that incorporates human behavior 

(fear) and vaccination in the control of typhoid fever transmission from both human to 

human and environment to human. 

1.6.2 Specific Objectives   

1. To formulate a deterministic mathematical model incorporating fear as a 

human behavioral aspect and vaccination in the spread of typhoid. 

2. To analyze the model based on reproduction number and theories of first-order 

ordinary differential equations. 

3. To perform numerical simulations to investigate the impact of fear and 

vaccination on typhoid fever transmission. 

1.7 Scope of the Study 

Other risk factors contribute to the causes of typhoid fever disease but this study 

considers S. typhi bacteria as the primary cause of typhoid fever disease (Kaluse et al., 

2021). S. typhi bacteria is spread by contaminated food, and untreated water and is 

most prevalent in highly populated areas. Thus, this study is limited to S. typhi bacteria 

as the main cause of typhoid fever to model typhoid fever dynamics incorporating 

psychological factor of fear in both modes of transmission of typhoid fever. 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1 Introduction 

Mathematical modeling of infectious diseases is vital in studying the disease trend and 

making an analysis on how they can be mitigated. Several researchers have improved 

the SIR model for typhoid fever disease thus providing reasonable results. 

2.2 Modelling the Dynamics of Typhoid Fever 

The study done by Edward, (2017) aimed to model the transmission dynamics through 

the direct and indirect routes. Mathematical features such as the threshold for the 

epidemic, steady states, positivity, and boundedness were well determined. The results 

showed that elevated discharge rates of the bacteria concentration to the environment 

by either symptomatic or asymptomatic individuals increased the potential to contract 

the bacteria from the contaminated environment. Also, heighted direct contact with 

individuals who are either the symptomatic or asymptomatic increased the 

vulnerability to contract the infection. It was concluded that minimizing contact with 

the typhoid carriers, avoiding contaminating water sources with feces, and using 

latrines can minimize the transmission rate. The model had shortcomings since the 

approach did not account for public education initiatives, which is a key aspect in 

creating societal awareness about the transmission and prevention against typhoid 

fever disease. Therefore, the researcher suggested that education can be utilized as a 

preventive approach against typhoid fever and that it can lessen the disease 

transmission when combined with other control techniques like vaccination, improved 

sanitation, and consideration of biological concentration with bacteria. To fill this gap, 

we have incorporated the aspect of vaccination and taken into consideration the role 

of fear which drives people to improve their hygiene and sanitation. The fear aspect is 

modeled as a parameter that is between 0 and 1. When the parameter is 0 it means 

people lack awareness of the disease and the only way we can create this awareness is 

through educational campaigns. 

 Edward & Nyerere, (2017) developed a deterministic mathematical model to assess 

the impact of education campaigns, vaccination, and treatment on controlling the 

dynamics of typhoid fever. The model divided their population into five subgroups 
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namely; susceptible 𝑆(𝑡), vaccinated 𝑉(𝑡), infectious 𝐼(𝑡), typhoid carriers 𝐼𝑐(𝑡), and 

the recovered individuals 𝑅(𝑡). Thus, the formulated mathematical model was; 𝑁 =

𝑆 + 𝑉 + 𝐼 + 𝐼𝑐 + 𝑅. The result indicated that controlling typhoid fever depends on 

different factors and sectors like education sectors, sanitation sectors, and water supply 

organizations as well as the health care sectors. Thus, it was recommended that any 

typhoid control program must pool resources with population-level education of 

susceptible and infected humans. The researchers concluded that various control 

strategies working collaboratively are more effective than a single strategy. The model 

had two limitations which include; infection is transmitted through the direct mode 

only and that vaccination is a continuous state. Thus, it was proposed that the study 

can be modeled by impulsive differential equations since vaccination can be 

discontinuous and seasonal. To address this shortfall, our research model considers 

vaccination as a parameter that lie between 0 and 1 thus this range will take into 

consideration the seasonality, continuity and discontinuity of the vaccine.  

Mutua et al., (2017) presented a compartmental model with an aim to investigate the 

influence of socioeconomic status and vaccination initiatives on transmission 

dynamics of typhoid fever. The model divided the susceptible individuals into two 

classes; susceptible high (𝑆ℎ) and susceptible low (𝑆𝑙). The two classes lead to 

infection (𝐼)- person to person and infection (𝐵) environment to person. The infected 

recover at a certain rate (𝑅) or become asymptomatic (𝐶). The formulated model was 

presented as; 𝑁 = 𝑆ℎ + 𝑠𝑙 + 𝐼 + 𝐵 + 𝑅 + 𝐵. Their findings portrayed that low 

socioeconomic status increases the rates of typhoid fever and the reproduction number. 

Further, increasing the vaccination in the low socioeconomic population results in a 

lower reproduction number thus lowering the prevalence of the disease. It was 

concluded that both low and high socioeconomic classes need to be considered by the 

vaccination programs for successful mitigation of typhoid fever disease. Our study 

assumes that everyone in the community is susceptible and get vaccinated at a rate α 

thus taking into account all the classes. 

 Mushanyu et al., (2018) formulated a mathematical model using a nonlinear ordinary 

differential equation with a goal to assess the prospective outcome of scarce public 

healthcare resources on the prevention and control of typhoid fever. The model had 

five compartments namely, susceptible individuals (𝑆), infected individuals (𝐼), 
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carrier humans (𝐶), individuals under treatment (𝑇), and the recovered individuals 

(𝑅). The presented model was; 𝑁 = 𝑆 + 𝐼 + 𝐶 + 𝑇 + 𝑅. The findings of the study 

showed that limited healthcare services or when impoverished individuals have 

inadequate access to treatment due to financial constraints increases the incidence of 

typhoid fever. The researchers concluded, that when treatment demand is minimal, 

then public health resources will be adequate for the treatment of typhoid patients thus 

minimizing transmission dynamics of typhoid fever in a particular community. It was 

recommended that communities should possess adequate resources for treating 

typhoid fever patients to reduce the spread of typhoid fever disease. Since there is 

limited medical facilities and only few benefits from them, our research bridges this 

scenario by incorporating vaccination against typhoid fever, which will aid in curbing 

the disease spread. Typhoid fever will thus be suppressed since the few people who 

contract it will be able to access the existing medical resources. 

 Gauld et al., (2018)developed an individual-based mathematical model of typhoid 

transmission including short cycle and long cycle transmission routes. The short cycle 

represents transmission of infections from humans to humans through food 

contamination agents. The model accurately reflected the endemicity, immunization, 

and environmental management dynamics in Santiago. The study model divided the 

human population into six compartments; unexposed, susceptible, incubating, acute 

infection, subclinical infection, and chronic carrier. The results showed that 

administration of typhoid fever vaccines can minimize the transmission, but they also 

emphasized the significance of locating and addressing the major long-cycle 

transmission channels to enable focused and long-lasting control. Additionally, 

typhoid incidence is expected to decrease as a result of the vaccine, according to 

estimates. Since the study recommended focusing on the long cycle and vaccination, 

our study incorporates the bacteria population in the model and vaccination in the 

model.  

Karunditu et al., 2019) developed a deterministic 𝑆𝐸𝐼𝑅 mathematical model of typhoid 

fever incorporating unprotected humans in the spread of typhoid. This study aimed to 

examine the equilibrium points that is, both local and global stability. The model 

compartments were; Susceptible (𝑆), Unprotected (𝐸), Infective (𝐼), and Recovered 

(𝑅). Thus, the model formulated was; 𝑁 = 𝑆 + 𝐸 + 𝐼 + 𝑅. The model included 
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various parameters such as natural and induced mortality rates. The findings of the 

study suggested that the equilibrium points are stable when the reproduction number 

is less than one otherwise unstable. Therefore, if typhoid is to be mitigated effectively, 

then unprotected humans have to be considered with other protective factors since they 

greatly impact the spread of typhoid infection. It was concluded that there is a direct 

variable link between the two since a 10% increase in the unprotected raises the 

infectious. It was therefore advised that policymakers in the health sectors should 

include preventive measures to prevent the disease from prevailing in a given 

population, as unprotected humans play a crucial role in the spread of typhoid. In light 

of this, our research examines human influence and vaccination as preventative 

methods against typhoid fever to lessen typhoid fever. 

 Nyaberi & Musaili, (2021)formulated a model for the transmission dynamics of 

typhoid fever analyzing the impact of treatment of the infected on typhoid dynamics. 

The human population was divided into three compartments namely; susceptible (𝑆), 

infected (𝐼), and recovered (𝑅). Therefore, the 𝑆𝐸𝐼𝑅 model was; 𝑁 = 𝑆 + 𝐸 + 𝐼 +

𝑅. The results illustrated that the absence of treatment or ineffective treatment 

increases the infection rate and with effective treatment the number of infected 

individuals reduces. The researchers concluded that efficient treatment is beneficial in 

eradicating typhoid fever. The study assumed that typhoid fever is transmitted through 

direct modes only and neglected the fact that typhoid fever can be transmitted through 

indirect mode. Thus, to address this, our study considers both direct and indirect modes 

of typhoid fever transmission while incorporating a combination of control strategies, 

that is, human influence and vaccination to curb the transmission dynamics of typhoid 

fever disease. 

 Matsebula, (2021) did a mathematical analysis of typhoid fever transmission 

incorporating seasonality and fear. The model (𝑁 = 𝑆 + 𝐼 + 𝑅 + 𝐵) involved 

nonlinear differential equations with a time-dependent infection rate. The total human 

population was categorized into three sections as follows; susceptible (𝑆), infected 

(𝐼), recovered (𝑅), and the bacteria concentration in the environment (𝐵). The findings 

depicted that, poor hygiene, and unimproved wastewater management system, rainfall 

patterns especially in summer contributed heavily to the transmission dynamics. 

Additionally, the study concentrated more on the impact of seasonality on the basic 
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reproduction number, the count of steady states and their stabilities as well as their 

stability analysis. The researcher recommended that, investigating the role of human 

behavior, specifically fear with other control strategies, can help in mitigating typhoid 

fever, since individuals have a substantial impact on transmission of typhoid fever and 

bacterial infections. Thus, our study incorporates fear and vaccination as a control 

strategy in controlling typhoid fever disease. 

 Ryan, (2021) formulated a mathematical model to investigate the impact of 

hospitalization in the management of typhoid fever. The study aimed to determine the 

interrelationship between hospitalization rates and the contagiousness of typhoid fever 

over time. The human population was divided into six compartments that are, 

susceptible (𝑆), infectious (𝐼), carriers (𝐶), home-based care (𝐻𝑏), hospitalized (𝐻), 

and the Recovered (𝑅). The formulated model was presented as; 𝑁 = 𝑆 + 𝐼 +⋯𝑅.   

The findings showed that when 𝑅0 was less than unity an individual caused fewer than 

one occurrence of secondary infection thus the disease dies out otherwise it evades the 

given population. Additionally, healthcare management of typhoid patients contributes 

greatly to the mitigation of typhoid fever infections. When hospitalization is low the 

infection rate is high implying that increasing healthcare services reduces the infection 

rate thus mitigating typhoid fever. However, the study assumed the transmission 

modes of typhoid fever disease but recommended that greater attention should be 

given to the escalating number of typhoid fever carriers in the susceptible population. 

To address this, our study considers vaccination as a way of lessening the count of 

carriers in a given population and also considers direct and indirect modes of 

transmission of typhoid fever disease. 

2.3 Research gap 

Studies on typhoid fever disease have been done using compartmental models 

involving stochastic differential equations Volkova et al., (2013) and ordinary 

differential equations  Kailan Suhuyini & Seidu, (2023). The study was done 

Matsebula, (2021) on modeling the transmission dynamics of typhoid fever with 

seasonality and fear stated that the model was theoretical and that in the presence of 

available data, the research would depict effective results. The study showed that 

investigating the role of human behavior such as fear remains a great interest in 
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bacterial infection. Since vaccination is the most common control technique in the 

event of a disease epidemic, this study work will include the fear parameter in the 

suggested model as well as the vaccination parameter as a control approach against 

infection. 

Several models have been formulated to model the impact of various aspects like 

vaccination, treatment, migration, sanitation effects, and drug effects among others and 

they have assumed that direct contact is the only transmission route of transmission. 

Although several models have incorporated both direct and indirect modes of 

transmission for example, (James et al., 2021) and (Edward, 2017), very few have 

incorporated the aspect of human behavior and vaccination in both direct and indirect 

modes of transmission. Therefore, there is an evidenced need for research-based 

information which can be vital to medical specialists and researchers. Thus, this study 

aims to fill the gap by developing a deterministic mathematical model to investigate 

the impact of psychological factor of fear and vaccination on typhoid fever dynamics. 
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CHAPTER THREE 

METHODOLOGY 

3.1 Introduction 

This chapter entails the methodology used in this research to achieve the objective 

stated in section 1.5.2. It entails model description and formulation, theories of the 

ordinary differential equations, and steps used in numerical simulation. 

3.2 Model formulation 

We develop a mathematical model to examine the interplay between human responses 

driven by the psychological factor of fear of infection and vaccination efforts in the 

transmission dynamics of typhoid fever. This formulation takes into account both 

direct and indirect modes of typhoid fever transmission. The direct mode of typhoid 

fever transmission occurs through human-to-human contact via the fecal-oral route 

whereas the indirect transmission takes place when a susceptible individual ingests 

contaminated water or food that has been contaminated with Salmonella typhi bacteria 

typically sewage-contaminated water or food handled by an infected person Adi, 

(2018). 

We categorize the human population into four classes such that at time 𝑡 ≥ 0 there are 

susceptible individuals (𝑆(𝑡)), infected individuals stemming from direct transmission 

resulting from human - human interaction (𝐼ℎ), infected humans stemming from 

indirect transmission resulting from human interaction with the contaminated 

environment (𝐼𝑒) and the recovered individuals (𝑅) following treatment. We also 

include the class 𝐵, which represents the bacteria population in the environment. The 

total size of the human population is given as 𝑁ℎ(𝑡) =  𝑆(𝑡)  +  𝐼ℎ(𝑡)  +  𝐼𝑒(𝑡)  +

 𝑅(𝑡) and the total size of both the human and bacteria populations denoted by 𝑁(𝑡) is 

given as 𝑁(𝑡)  =  𝑆(𝑡)  +  𝐼ℎ(𝑡)  +  𝐼𝑒(𝑡)  +  𝑅(𝑡)  +  𝐵(𝑡).   

The susceptible class (𝑆) is free from typhoid fever infection but when in contact with 

infectious individuals (𝐼ℎ, 𝐼𝑒) or contaminated environments, they are at risk of typhoid 

fever infection at the incidences rates 𝛽ℎ, 𝛽𝑒, resulting from the direct and indirect 
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modes of transmission, respectively. The expressions for 𝛽ℎ, and 𝛽𝑒 are given as 

follows: 

 𝛽ℎ =
(1−𝜓𝑓)𝐶ℎ(𝜂1𝐼ℎ+𝜂2𝐼𝑒)

𝑁ℎ
,  𝛽𝑒 =

𝐶𝑒(1−𝜓𝑓)𝐵

𝐾+𝐵
  where 𝐶ℎ, and 𝐶𝑒, denotes effective contact 

rate for typhoid fever transmission to occur for direct and indirect transmission, 

respectively. The parameters 𝜂1 and 𝜂2 represent the veracity of infection from infected 

individuals with Salmonella typhi bacteria, with  𝜂1 <  𝜂2, given that the probability 

of typhoid fever transmission for a susceptible individual in contact with an infected 

individual is lower compared to when a susceptible individual is in contact with a 

contaminated environment (Matsebula, 2021). Thus, 𝜂1, 𝜂2 are dimensionless 

parameters to differentiate the severity of the typhoid fever infection. 

Parameter 𝜓𝑓 represents the psychological factor of fear of infection which drives 

individuals to improve their sanitation, personal hygiene, and exercise care during 

meal preparations or purchasing food. We let 0 < 𝜓𝑓 < 1 where 𝜓𝑓 = 0 implies that 

there is no dread to typhoid fever disease either due to lack of awareness or simply 

negligence and this significantly increases the contact rate which in turn fuels the 

spread of typhoid fever. 𝜓𝑓 = 1implies that individuals are fully aware of the typhoid 

disease spread and its controls due to effective education campaigns. In this case, 

individuals are fully adherent to preventive measures and are fully aware of the 

consequences of neglecting sanitation and personal hygiene. Thus, fear of contracting 

the typhoid fever disease drives them to significantly limit any contact rate with 

possible sources of contamination and this reduces the spread of typhoid fever disease 

significantly. The behavioral dynamics can be linked to more immediate reactions in 

an emerging epidemic. The impact on disease dynamics might be extremely substantial 

if protective behavioral changes brought about by fear of contracting the disease is 

significantly high in the community. When people are self-aware of the disease and 

maintain proper sanitation, the disease is significantly reduced. However, numerous 

waves of infection may result from their later re-entry into the population when their 

dread fades. 

The parameter 𝐾 represents the carrying capacity of 𝑆𝑎𝑙𝑚𝑜𝑛𝑒𝑙𝑙𝑎 𝑇𝑦𝑝ℎ𝑖 bacteria in 

the environment such as water or food due to limited resources to sustain its growth 
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indefinitely. 
𝐵

𝐵+𝐾
 represents the fraction of the carrying capacity 𝐾 that is currently 

occupied by the bacteria population 𝐵 in the environment. In this formulation, 

recruitment rate into the 𝑆𝑎𝑙𝑚𝑜𝑛𝑒𝑙𝑙𝑎 𝑇𝑦𝑝ℎ𝑖 bacteria population is described by a 

logistic growth equation 𝑏, given as 𝑏 =  𝑟𝐵 (1 − 
𝐵

𝐾
 ) where r represents per capita 

growth rate of the bacteria population. The bacteria population is cleared from the 

environment at a rate 𝜏. 

Parameter 𝛼 represents the proportion of the susceptible individuals who are 

vaccinated against typhoid fever disease. This study assumes that vaccination is a 

continuous process. Given that typhoid fever vaccination does not confer 100% 

protection against typhoid fever infection, the vaccinated population can become 

susceptible when the vaccination loses its efficacy, thus 0 <  𝛼 <  1 . 𝛼 =  1 

represents an ideal scenario where a highly efficacious typhoid fever vaccine 

guarantees permanent immunity against typhoid fever disease, whereas when 𝛼 =  0, 

implies that the susceptible population is not vaccinated. 

Susceptible class (𝑆) is increased by natural birth λ and the recovered population that 

lose immunity at a rate ω from the recovered class and is reduced by the newly infected 

individuals that move to the infected classes 𝐼ℎ and 𝐼𝑒 as a result of the incidence rates 

ρ(1-α)𝛽ℎ and (1 − 𝜌)(1 − 𝛼) 𝛽𝑒 respectively.  Parameter 𝜌 represents the proportion 

of newly infected individuals as a result of contact with humans-to-humans interaction 

(direct mode) whereas 1 −  𝜌 represents newly infected individuals as a result of 

humans to environment interaction (indirect mode). Infected classes 𝐼ℎ  and 𝐼𝑒  are 

increased by the incidence rates ρ(1-α)𝛽ℎ and (1 − 𝜌)(1 − 𝛼) 𝛽𝑒 and all are decreased 

by the death due to infection 𝛿 and recovery rate 𝜀. The Recovered class (𝑅) increases 

due to the newly recovered individuals at a rate 𝜀, and decreases due to individuals 

losing their immunity at a rate 𝜔, who then return to the susceptible class. Populations, 

𝑆, 𝐼ℎ, 𝐼𝑒, 𝑅 are further reduced to natural deaths at a natural death rate µ. 

Table 1 and Table 2 describe the variables and the parameters respectively. Figure 1 

describes the model flow chart. The resulting model equations are given in section 

3.4.2. 

Table 1: Description of State Variables 
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Variables Description 

𝑆(𝑡) Susceptible human population at time 𝑡 

𝐼ℎ(𝑡) Infected humans resulting from direct transmission at time 𝑡 

𝐼𝑒(𝑡) Infected humans resulting from indirect transmission at time 𝑡 

𝑅(𝑡) Recovered human population at the time 𝑡 

𝐵(𝑡) Bacteria concentration in the environment at time 𝑡 

𝑁ℎ(𝑡) Total human population (𝑆 + 𝐼ℎ + 𝐼𝑒 + 𝑅) 

Table 2: Description of Parameters 

Parameter  Description 

𝜆 Recruitment rates into the susceptible populations through 

natural births 

µ Natural death rate of individuals  

 𝜓𝑓 Psychological factor of fear of typhoid fever infection 

𝜔 Rate at which the recovered individuals lose immunity 

𝜀1 Rate of newly recovered individuals from 𝐼ℎ 

𝜀2 Rate of newly recovered individuals from 𝐼𝑒 
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𝜂1 Dimensionless parameter representing veracity of typhoid 

fever infection when contact is between susceptible and 𝐼ℎ 

𝜂2 Dimensionless parameter representing veracity of typhoid 

fever infection when contact is between susceptible and 𝐼𝑒 

            α Proportion of vaccinated susceptible Individuals 

𝛿1 Disease induced death rates stemming from 𝐼ℎ 

𝛿2 Disease induced death rates stemming from 𝐼𝑒 

              ρ     Proportion of newly infected individuals due to direct 

transmission mode 

              τ Clearance rate of the bacteria in the environment 

𝑟 Per capita growth rate of the bacteria population in the 

environment 

𝐾 Carrying capacity for the bacteria 

𝐶ℎ Effective contact rate with infected humans 

𝐶𝑒 Effective contact rate with the contaminated environment 
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3.3 Proposed model flow chart and equations 

3.3.1The proposed model flow chart, Figure 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3.2 Model Equations 

 

 

 

 

 

 

 

 

3.4 Model Analysis 

This was done by proving several mathematical theorems, invariant region, positivity, 

equilibria, basic reproduction number, and the stabilities of the model. 

Figure 1: Model Flow Chart 
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3.4.1 Invariant Region 

It is important to determine the invariant region since it describes the area where the 

system makes meaningful biological sense. This was done by assessing the 

nonnegativity of the solution. 

3.4.2 Positivity of Solutions 

We did this by assessing the nonnegativity of the solutions in the model, which shows 

our model was well-posed. 

3.4.3 Boundedness of Solutions 

The analysis aids in ensuring that the model is well-posed, significant, and realistic in 

representing the human population and bacteria population in the environment. The 

study applied the integration method and concluded that the model remains positive in 

the defined region.  

3.4.4 Disease-Free Equilibrium  

A system is said to be at Equilibrium when the rates of change with time are equal to 

zero. Therefore, we obtained our DFE of the system (1-5), by equating all the 

infectious classes to zero which resulted to 𝐸0 =
𝜆

µ
, where 𝐸0 is the disease-free 

equilibrium. 

3.4.5 Basic Reproduction number (𝑹𝒐 ) 

We applied the next generation matrix to determine the basic reproduction number 

(Kanyi et al., 2021). We defined the non-negative matrix 𝑭 which represented the new 

infections and non-singular matrix 𝑽 which represented the transfer of infection from 

one compartment to another. Both Matrix 𝑭 and Matrix 𝑽 were evaluated at DFE. 

Thus, we had; 

 𝑭 = [
𝜕𝐹𝑖𝐸0

𝜕𝑥𝑗
] , and  𝑽 = [

𝜕𝑉𝑖𝐸0

𝜕𝑥𝑗
]. Where, 𝑖, 𝑗 = 1,2… and 𝐸0 is the disease-free 

equilibrium. Thus, from the Matrix 𝑭𝑽−𝟏 , the reproduction number was given by the 

most dominant eigenvalue which was evaluated using Mathematica Software.  

𝑭𝑽−𝟏 = [
𝜕𝐹𝑖𝐸0
𝜕𝑥𝑗

] [
𝜕𝑉𝑖𝐸0
𝜕𝑥𝑗

]

−1
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3.4.6 Local Stability of Disease-Free Equilibrium Point 

When individuals in a given community move towards the direction of the equilibrium 

point, that situation is referred to as locally stable. We used the Routh-Hurwitz criteria 

to show the Local stability Wesley et al., (2010). Mathematica Software was used to 

calculate the characteristic equation and its coefficient. Lastly, we imposed the Routh-

Hurwitz conditions for the locally asymptotically stability of the system. 

3.4.7 Global Stability of Disease-Free Equilibrium Point 

We used the Castillo-Chavez method to determine the necessary conditions for the 

global asymptotic stability of the DFE. 

3.4.8 Endemic Equilibrium Point 

The disease is said to be persistent at the endemic equilibrium point. The necessary 

condition for basic reproduction number was determined at EEP, which was used to 

predict the existence of EEP. 

3.4.9 Local Stability of EEP 

We applied the trace method of the Jacobian matrix to determine the Local stability of 

Endemic. 

3.4.10 Global Stability of EEP 

We used the Lyapunov function to determine the necessary conditions for the stability 

of the endemic equilibrium point. 

3.5 Parameter Estimation 

The technique of determining parameters’ unknown values from data is known as 

parameter estimation. The factors that determine a model’s behavior are known as its 

parameters. The model can be used to make predictions about data that are not included 

in the original data set by estimating the values of these parameters. 

3.6 Numerical simulation 

The numerical simulation was carried out to identify the role of the model parameters 

using MatLab2023a. The simulation was carried out using initial conditions and 

parameters values were obtained from the literature and then they were presented 

graphically. 
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CHAPTER 4 

RESULTS AND INTERPRETATIONS 

4.1 Positivity and Boundedness of Solutions  

Before we analyze the model (1)-(5), we need to verify that all the state variables 

remain positive implying that the solutions of the system of equations with positive 

initials conditions will remain positive for all 𝑡 >  0 and that the solutions are bounded 

for all 𝑡 ≥  0 in the positive region. We will establish conditions that ensure the 

positivity of solutions. 

4.2 Invariant Region 

To determine the invariant region, we consider the total human population (𝑁ℎ), 

where 𝑁ℎ = 𝑆 + 𝐼ℎ + 𝐼𝑒 + 𝑅. Considering the model equations and then 

differentiating 𝑁ℎ with respect to 𝑡 on both sides yields; 

𝑑𝑁ℎ

𝑑𝑡
=

𝑑𝑆

𝑑𝑡
+
𝑑𝐼ℎ

𝑑𝑡
+
𝑑𝐼𝑒

𝑑𝑡
+
𝑑𝑅

𝑑𝑡
.                           (6) 

Replacing the model equations (1)-(5) in equation (6), we have; 

𝑑𝑁ℎ

𝑑𝑡
=  𝜆 − 𝜌(1 − 𝛼)𝛽ℎ𝑆 − (1 − 𝜌)𝛽𝑒𝑆(1 − 𝛼) − µ𝑆 + 𝜔𝑅 + 𝜌𝛽ℎ𝑆(1 − 𝛼) − µ𝐼ℎ −

𝛿1𝐼ℎ − 𝜀1𝐼ℎ + (1 − 𝛼)(1 − 𝜌)𝛽𝑒𝑆 − µ𝐼𝑒 − 𝛿2𝐼𝑒 − 𝜀2𝐼𝑒 + 𝜀1𝐼ℎ + 𝜀2𝐼𝑒 − µ𝑅 − 𝜔𝑅 , 

𝑑𝑁ℎ

𝑑𝑡
= 𝜆 − µ𝑆 − µ𝐼ℎ − 𝛿1𝐼ℎ − µ𝐼𝑒 − 𝛿2𝐼𝑒 − µ𝑅, 

𝑑𝑁ℎ

𝑑𝑡
= 𝜆 − µ𝑁ℎ − 𝛿𝐼.        (7) 

In mortality-free scenario due to typhoid fever disease, 𝛿 = 0. Thus equation (7) 

becomes, 

𝑑𝑁ℎ

𝑑𝑡
≤ 𝜆 − µ𝑁ℎ.                (8) 

Applying the separation of variables method in equation (8) we have; 

𝑑𝑁ℎ

𝑑𝑡
+ µ𝑁ℎ ≤ 𝜆,                                                          (9)  

Multiplying all the terms of equation (9) by the integrating factor 𝑒µ𝑡 gives 

𝑑𝑁ℎ

𝑑𝑡
𝑒µ𝑡 + µ𝑁ℎ𝑒

µ𝑡 ≤ 𝜆𝑒µ𝑡 . 

= 
𝑁ℎ(𝑡)𝑒

µ𝑡

𝑑𝑡
  by product rule. Thus it implies; 

𝑁ℎ(𝑡)𝑒
µ𝑡 ≤ 𝜆𝑒µ𝑡𝑑𝑡 thus, 𝑁ℎ(𝑡)𝑒

µ𝑡 ≤ ∫𝜆𝑒µ𝑡dt. 
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Therefore, 𝑁ℎ(𝑡)𝑒
µ𝑡 ≤

𝜆

µ
𝑒µ𝑡 + 𝑐 (10), where 𝑐 is the constant of integration. Let  

𝑁ℎ(0) = 𝑁0 be the initial conditions, then; 

𝑐 ≤ 𝑁0 −
𝜆

µ
                                                                                        (11) 

Substituting equation (11) in equation (10) we have; 

𝑁ℎ(𝑡)𝑒
µ𝑡 ≤

𝜆

µ
𝑒µ𝑡 + 𝑁0 −

𝜆

µ
.       (12) 

Dividing equation (12) all through by 𝑒µ𝑡 we have; 

𝑁ℎ(𝑡) ≤
𝜆

µ
+ 𝑁0𝑒

−µ𝑡 −
𝜆

µ
𝑒−µ𝑡. Implying that; 

𝑁ℎ(𝑡) ≤
𝜆

µ
(1 − 𝑒−µ𝑡) + 𝑁0𝑒

−µ𝑡.                                                         (13) 

If 𝑁0 ≤
𝜆

µ
  then, from equation (13) we have 𝑁ℎ(𝑡) ≤

𝜆

µ
  which shows that the 𝑁ℎ(𝑡) is 

bounded. Furthermore, lim
𝑡→∞

𝑆𝑢𝑝 [𝑁ℎ(𝑡) ≤
𝜆

µ
]. This concludes that the defined feasible 

region is positively invariant and attracting. 

4.3 Positivity of Solutions. 

To determine the positivity of solutions, we prove the following theorem; 

Theorem 1 

Let 𝑅 = {𝑆, 𝐼ℎ, 𝐼𝑒 , 𝑅, 𝐵} ∈ 𝑅+
5 : 𝑆0 > 0, 𝐼ℎ0 > 0, 𝐼𝑒0 > 0, 𝑅0 > 0, 𝐵0 > 0}; then the 

solutions of  𝑅 = {𝑆, 𝐼ℎ, 𝐼𝑒 , 𝑅, 𝐵} are positive for all 𝑡 ≥ 0. 

Proof 

Let 𝑆, 𝐼ℎ, 𝐼𝑒 , 𝑅 and 𝐵 be a solution of the system with non-negative initial conditions. 

From the system of differential equations, we consider equation (1); 

𝑑𝑆 

𝑑𝑡
 =  𝜆 − [(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ]𝑆 +  𝜔𝑅.  

The first 𝜆 ,and the last term 𝜔𝑅 are positive by inspection method. 

𝑑𝑆(𝑡) 

𝑑𝑡
 ≥  −[(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ]𝑆(𝑡), 

∫
𝑑𝑆(𝑡) 

𝑆(𝑡)
≥ −∫ [(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼) +  µ]

𝑡

0
𝑑𝑡, 

ln 𝑆(𝑡) ≥ −∫ [(𝜌𝛽ℎ  + (1 −  𝜌)𝛽𝑒)(1 −  𝛼) +  µ]
𝑡

0
𝑑𝑡 + 𝑐, 

𝑒ln 𝑆(𝑡) ≥ 𝑒−∫ [(𝜌𝛽ℎ + (1 − 𝜌)𝛽𝑒)(1 − 𝛼)+ µ]
𝑡
0 𝑑𝑡𝑒𝑐, 
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𝑆(𝑡)  ≥ 𝑒−∫ [(𝜌𝛽ℎ + (1 − 𝜌)𝛽𝑒)(1 − 𝛼)+ µ]
𝑡
0 𝑑𝑡𝑒𝑐.            (14) 

Applying the initial condition, that is, we let 𝑡 = 0, 

𝑆(0)  ≥ 𝑒𝑐, 

 Therefore equation (14) becomes, 

𝑆(𝑡) = 𝑆(0)𝑒−∫ [(𝜌𝛽ℎ + (1 − 𝜌)𝛽𝑒)(1 − 𝛼)+ µ]
𝑡
0 𝑡 ≥ 0.       (15) 

From equation (2),  

d𝐼ℎ 

𝑑𝑡
= 𝜌𝛽ℎ(1 −  α)S − (µ + δ1  +  ε1)𝐼ℎ. 

The first term is positive by inspection. 

d𝐼ℎ (t)

𝑑𝑡
 ≥ −(µ + δ1  +  ε1)𝐼ℎ(t), 

∫
d𝐼ℎ (t)

𝐼ℎ(t)
 ≥ −∫ (µ + δ1  +  ε1)dt

𝑡

0
, 

ln 𝐼ℎ (t) ≥ −∫ (µ + δ1  +  ε1)dt
𝑡

0
+ 𝑐, 

𝑒ln 𝐼ℎ (t) ≥ 𝑒−∫ (µ + δ1 + ε1)dt
𝑡
0 𝑒𝑐, 

𝐼ℎ (t) = 𝑒
−∫ (µ + δ1 + ε1)dt

𝑡
0 𝑒𝑐.       (16) 

 Letting 𝑡 = 0, equation (16) becomes, 

𝐼ℎ (0) = 𝑒𝑐.  

Therefore, 

𝐼ℎ (t) = 𝐼ℎ (0) 𝑒
−∫ (µ + δ1 + ε1)dt

𝑡
0 ≥ 0.      (17) 

From equation (3),  

d𝐼𝑒 

𝑑𝑡
= 𝜌𝛽ℎ(1 −  α)(1 −  ρ)S − (µ + δ2  +  ε2)𝐼𝑒. 

The first term is positive by inspection. 

d𝐼𝑒(𝑡)

𝑑𝑡
 ≥ −(µ + δ2  + ε2)𝐼𝑒(𝑡), 

∫
d𝐼𝑒 (t)

𝐼ℎ(t)
 ≥ −∫ (µ + δ2  + ε2 )dt

𝑡

0
, 

ln 𝐼𝑒 (t) ≥ −∫ (µ + δ2  +  ε2)dt
𝑡

0
+ 𝑐, 
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𝑒ln 𝐼𝑒 (t) ≥ 𝑒−∫ (µ + δ2 + ε2)dt
𝑡
0 𝑒𝑐, 

𝐼𝑒 (t) = 𝑒−∫ (µ + δ2 + ε2)dt
𝑡
0 𝑒𝑐.       (18) 

 Letting 𝑡 = 0, equation (18) becomes, 

𝐼𝑒 (0) = 𝑒
𝑐.  

Therefore, 

𝐼𝑒 (t) = 𝐼𝑒 (0) 𝑒
−∫ (µ + δ2 + ε2)dt

𝑡
0 ≥ 0. 

From equation (4), 

𝑑𝑅  

𝑑𝑡
= ε1𝐼ℎ  +  ε2𝐼𝑒  −  (µ +  𝜔)𝑅.  

The first and the second term, ε1𝐼ℎ, ε2𝐼𝑒 are positive by inspection. 

𝑑𝑅(𝑡)  

𝑑𝑡
≥ − (µ +  𝜔)𝑅(𝑡), 

∫
𝑑𝑅(𝑡)  

𝑅(𝑡)
≥ −∫  (µ +  𝜔)𝑑𝑡

𝑡

0
, 

ln 𝑅 (t) ≥ −∫ (µ +  𝜔)dt
𝑡

0
+ 𝑐, 

𝑒lnR (t) ≥ 𝑒−∫ (µ + 𝜔)dt
𝑡
0 𝑒𝑐, 

𝑅(t) = 𝑒−∫ (µ + 𝜔)dt
𝑡
0 𝑒𝑐.                          (19) 

Letting 𝑡 = 0, equation (19) becomes, 

𝑅 (0) = 𝑒𝑐.  

Therefore, 

𝑅 (t) = 𝑅 (0) 𝑒−∫ (µ + 𝜔)dt
𝑡
0 ≥ 0.      (20) 

Considering equation (5), 

𝑑𝐵 

𝑑𝑡
 =  𝑏 + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 –  𝜏𝐵, 

𝑑𝐵 

𝑑𝑡
= 𝑟𝐵 (1 − 

𝐵

𝐾
 ) + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 –  𝜏𝐵.  

The term 𝑟𝐵 (1 − 
𝐵

𝐾
 ) + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 is positive by inspection. 

𝑑𝐵(𝑡) 

𝑑𝑡
 ≥  –  𝜏𝐵(𝑡), 
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∫
𝑑𝐵(𝑡)  

𝐵(𝑡)
≥ −∫  𝜏𝑑𝑡

𝑡

0
, 

ln 𝐵 (t) ≥ −∫ 𝜏dt
𝑡

0
+ 𝑐, 

𝑒lnB (t) ≥ 𝑒−∫ 𝜏dt
𝑡
0 𝑒𝑐, 

𝐵(t) ≥ 𝑒−∫ 𝜏dt
𝑡
0 𝑒𝑐.                           (20) 

Letting 𝑡 = 0, equation (20) becomes, 

𝐵 (0) = 𝑒𝑐.  

Therefore, 

𝐵 (t) = 𝐵 (0) 𝑒−∫ 𝜏dt
𝑡
0 ≥ 0.       (21) 

This concludes the proof of the theorem. Therefore, the solutions of the model are 

positive. 

4.4 Boundedness of Solutions. 

We partitioned the model into two sections which comprises, population of humans 𝑇𝐻 

and the bacteria intensity in the environment 𝑇𝐵 such that; 

𝑇𝐻  =  (𝑆ℎ(𝑡), 𝐼ℎ(𝑡), 𝐼𝑒(𝑡), 𝑅ℎ(𝑡)) ∈ ℝ+
4 ∶ 𝑆ℎ  + 𝐼ℎ  +  𝐼𝑒  +  𝑅ℎ  =  𝑁ℎ, and 𝑇𝐵  =

 𝐵(𝑡)  ∈ ℝ+
1  respectively. 

We consider boundedness of solutions of system (1) to (4) at the time 𝑡 given as 

𝑁ℎ(𝑡) = 𝑆ℎ(𝑡)  +  𝐼ℎ(𝑡)  +  𝐼𝑒(𝑡)  +  𝑅ℎ(𝑡).     (22) 

Differentiating equation (22) with respect to 𝑡 yields; 

𝑑𝑁ℎ

𝑑𝑡
=

𝑑𝑆ℎ

𝑑𝑡
+
𝑑𝐼ℎ

𝑑𝑡
+
𝑑𝐼𝑒

𝑑𝑡
+
𝑑𝑅ℎ

𝑑𝑡
.         (23) 

Substituting equations (1-4) in equation (22) we have; 

𝑑𝑁ℎ

𝑑𝑡
= 𝜆 − [(𝜌𝛽ℎ  + (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ]𝑆 +  𝜔𝑅 + 𝜌𝛽ℎ(1 −  α)S −

 (µ + δ1  +  ε1)𝐼ℎ + 𝜌𝛽ℎ(1 −  α)(1 −  ρ)S − (µ + δ2  +  ε2)𝐼𝑒 + ε1𝐼ℎ  +
 ε2𝐼𝑒  −  (µ +  𝜔)𝑅, 

𝑑𝑁ℎ

𝑑𝑡
= 𝜆 − µ𝑁ℎ −  δI.        (24) 

In absence of no infectious human with typhoid fever (δ = 0), equation (13) becomes; 

𝑑𝑁ℎ

𝑑𝑡
≤ 𝜆 − µ𝑁ℎ(𝑡).        (25) 
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Applying the method of separation of variables of inequality, we have; 

−
1

µ
ln(𝜆 −  µ𝑁ℎ(𝑡))  ≤  𝑡 +  𝑐, 

𝜆 −  µ𝑁ℎ(𝑡) ≥ 𝐴𝑒
−µ𝑡.       (26) 

Solving (26) and evaluating as 𝑡 → ∞, we have; 

lim
𝑡 → ∞

𝑁ℎ(𝑡) =
𝜆

µ
.        (27) 

Implying that,  

0 ≤ 𝑁ℎ(𝑡) ≤
𝜆

µ
.           (28) 

Therefore, the model is bounded in the domain. 

𝑇𝐻  =  (𝑆ℎ(𝑡), 𝐼ℎ(𝑡), 𝐼𝑒(𝑡), 𝑅ℎ(𝑡)) ∈ ℝ+
4 : 0 ≤ 𝑁ℎ(𝑡) ≤

𝜆

µ
. 

We then consider the boundedness of solution for the bacteria concentration at time t 

from (5), we have; 

𝑑𝐵 

𝑑𝑡
 =  𝑏 + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 –  𝜏𝐵, 

𝑑𝐵 

𝑑𝑡
+  𝜏𝐵 =  𝑏 + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 .      (29) 

Let 𝑀 = 𝑏 + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒,which is the rate at which bacteria from infectious groups 

are recruited. Next, we obtain a differential inequality; 

𝑑𝐵 

𝑑𝑡
+  𝜏𝐵 ≤ 𝑀.        (30) 

Using the integration factor method; 

𝐼. 𝐹 =  𝑒∫𝜏 𝑑𝑡, 

𝐼. 𝐹 =  𝑒𝜏𝑡.         (31) 

Multiplying (30) by (31) on both sides we have; 

𝑒𝜏𝑡𝐵′ + 𝑒𝜏𝑡𝜏𝐵 = 𝑀𝑒𝜏𝑡, 

𝐵 ≤
𝑀

𝜏 
+ 𝐶𝑒−𝜏𝑡.        (32) 

Where 𝐶 is a constant of integration. Thus, as 𝑡 → ∞, we have, 

lim
𝑡→∞

𝐵(𝑡) =
𝑀

𝜏 
. Which implies that, 
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0 ≤ 𝐵(𝑡) ≤
𝑀

𝜏 
.         (33) 

𝑇𝐵 = 𝐵(𝑡) ∈ ℝ+
1 : 0 ≤ 𝐵(𝑡) ≤

𝑀

𝜏 
. 

Thus, the model is bounded as; 

𝑅 = [(𝑆ℎ, 𝐼ℎ, 𝐼𝑒 , 𝑅ℎ, 𝐵) ≥ 0:𝑁ℎ(𝑡) ≤
𝜆

µ
; 𝐵(𝑡) ≤

𝑀

𝜏 
]. 

4.5 Disease–Free Equilibrium (DFE) 

To compute the DFE, we set the right-hand side of the model equations (1)- (5) to zero.  

𝜆 − [(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼) +  µ]𝑆 +  𝜔𝑅 = 0.   (34) 

𝜌𝛽ℎ(1 −  α)S − (µ + δ1  +  ε1)𝐼ℎ = 0

𝜌𝛽ℎ(1 −  α)(1 −  ρ)S − (µ + δ2  +  ε2)𝐼𝑒 = 0

ε1𝐼ℎ  + ε2𝐼𝑒  −  (µ +  𝜔)𝑅 = 0

𝑟𝐵 (1 − 
𝐵

𝐾
 ) + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 –  𝜏𝐵 = 0 }

 
 

 
 

.    (35) 

Furthermore, we set 𝐼ℎ  =  𝐼𝑒  =  𝐵 =  0 since we assume that there is no infection in 

the community or the disease is not detected in the population. Consequently, equation 

(34) reduces to; 

𝜆 − µ𝑆 = 0, 

𝑆 =
𝜆

µ
. 

On solving equation (35), the result is zero. Thus, the disease-free equilibrium 

becomes; 

𝐸0 = (
𝜆

µ
, 0,0,0,0).        (36) 

4.6 The Basic Reproduction Number (𝑹𝟎)   
The reproduction number 𝑅0 is the mean number of secondary infections caused by 

contagious individual in his or her entire duration of infectiousness in a completely 

susceptible population. In this study, we compute the 𝑅0 using the next generation 

matrix method described in Kanyi et al., (2021). The reproduction number is a key 

quantity measure in the disease epidemiology as it is a determining factor of whether 

the disease persists or die out in a given population. When 𝑅0  >  1, it indicates that 

each infected person is typically causing more than one secondary infection thus the 

epidemic the disease invades the population. In contrast, the disease is likely to die out 

when 𝑅0  <  1, since an infected individual typically infects fewer people. We define 

matrix 𝐹𝑉−1 𝑎𝑠 ; 
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𝑭𝑽−𝟏 = [
𝜕𝐹𝑖𝐸0

𝜕𝑥𝑗
] [
𝜕𝑉𝑖𝐸0

𝜕𝑥𝑗
]
−1

, 

where matrix 𝐹𝑖 represents the rate of appearances of new infections in compartment 

𝑖. Matrix 𝑉𝑖 represent the transfer of infections from one compartment 𝑖 to another and 

𝐸0 is the disease-free equilibrium and 𝑖, 𝑗 = 1,2,3… 

𝑭𝒊 = [
𝜌𝛽ℎ(1 − 𝛼)𝑆

(1 − 𝜌)(1 − 𝛼)𝛽ℎ𝑆
0

], where; 𝛽ℎ =
(1−𝜓𝑓)𝐶ℎ(𝜂1𝐼ℎ+𝜂2𝐼𝑒)

𝑁ℎ
 ,  𝛽𝑒 =

𝐶𝑒(1−𝜓𝑓)𝐵

𝐾+𝐵
  and 

𝑆 = 𝑁ℎ =
𝜆

µ
   at the disease free equilibrium. 

Therefore, infection matrix 𝑭𝒊  and transition matrix 𝑽𝒊  are given as follows; 

𝑭𝒊 = (

𝜌(1 − 𝛼)(1 − 𝜓𝑓)𝐶ℎ(𝜂1𝐼ℎ + 𝜂2𝐼𝑒)

𝜌(1−𝜓𝑓)𝐶𝑒𝐵(1−𝛼)𝜆

(𝐾+𝐵)µ

0

), 

𝑽𝒊 = (

(µ + 𝛿1 + 𝜀1)𝐼ℎ
(µ + 𝛿2 + 𝜀2)𝐼𝑒

(𝜏 − 𝑟)𝐵 − 𝜂1𝐼ℎ − 𝜂2𝐼𝑒

). 

Differentiating 𝐹𝑖 and 𝑉𝑖 with respect to 𝐼ℎ, 𝐼𝑒 and 𝐵 at the disease-free equilibrium 𝐸0 

we obtain matrix 𝐹 and 𝑉 as; 

𝑭 = (

𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂1)(1 − 𝛼) 𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂2)(1 − 𝛼) 0

0 0
𝜌(1−𝜓𝑓)𝐶𝑒(1−𝛼)𝜆

𝐾µ

0 0 0

), 

𝑽 = (
µ + 𝛿1 + 𝜀1 0 0

0 µ + 𝛿2 + 𝜀2 0
−𝜂1 −𝜂2 𝜏 − 𝑟

), 

The inverse of matrix 𝑽, denoted 𝑽−𝟏 is given as 

𝑽−𝟏 =

(

 
 

1

µ+𝛿1+𝜀1
0 0

0
1

µ+𝛿2+𝜀2
0

𝜂1

(µ+𝛿1+𝜀1)(𝜏−𝑟)

𝜂2

(µ+𝛿2+𝜀2)(𝜏−𝑟)

1

𝜏−𝑟)

 
 

. 

Computing 𝑭𝑽−𝟏 we have, 
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𝑭𝑽−𝟏 =

(

𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂1)(1 − 𝛼) 𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂2)(1 − 𝛼) 0

0 0
𝜌(1−𝜓𝑓)𝐶𝑒(1−𝛼)𝜆

𝐾µ

0 0 0

)𝑋

(

 
 

1

µ+𝛿1+𝜀1
0 0

0
1

µ+𝛿2+𝜀2
0

𝜂1

(µ+𝛿1+𝜀1)(𝜏−𝑟)

𝜂2

(µ+𝛿2+𝜀2)(𝜏−𝑟)

1

𝜏−𝑟)

 
 

, 

𝑭𝑽−𝟏 =

[
 
 
 
 

𝜌(1−𝜓
𝑓
)𝐶ℎ(𝜂1)(1−𝛼)

µ+𝛿1+𝜀1

𝜌(1−𝜓𝑓)𝐶ℎ(𝜂2)(1−𝛼)

µ+𝛿2+𝜀2
0

(1−𝛼)(1−𝜌)(1−𝜓𝑓)𝐶𝑒𝜂1𝜆

(µ+𝛿1+𝜀1)(𝜏−𝑟)µ

(1−𝛼)(1−𝜌)(1−𝜓𝑓)𝐶𝑒𝜂2𝜆

(µ+𝛿2+𝜀2)(𝜏−𝑟)µ

(1−𝛼)(1−𝜌)(1−𝜓𝑓)𝐶𝑒𝜆

𝐾(𝜏−𝑟)µ

0 0 0 ]
 
 
 
 

. 

The basic reproduction number, 𝑅0, is the spectral radius of 𝑭𝑽−𝟏 which is given by 

the dominant eigenvalue value of the next generation matrix. To find the eigenvalues, 

we first consider the following conventions to simplify the expressions in the matrix 

𝑭𝑽−𝟏. 

𝑅1 =
𝜌(1−𝜓

𝑓
)𝐶ℎ(𝜂1)(1−𝛼)

µ+𝛿1+𝜀1
, 

𝑅2 =
𝜌(1−𝜓𝑓)𝐶ℎ(𝜂2)(1−𝛼)

µ+𝛿2+𝜀2
, 

𝑅3 =
(1−𝛼)(1−𝜌)(1−𝜓𝑓)𝐶𝑒𝜂1𝜆

(µ+𝛿1+𝜀1)(𝜏−𝑟)µ
, 

𝑅4 =
(1−𝛼)(1−𝜌)(1−𝜓𝑓)𝐶𝑒𝜂2𝜆

(µ+𝛿2+𝜀2)(𝜏−𝑟)µ
, 

𝑅5 =
(1−𝛼)(1−𝜌)(1−𝜓𝑓)𝐶𝑒𝜆

𝐾(𝜏−𝑟)µ
. 

Computing the eigenvalues yields the following; 

λ1 = 0. 

λ2 =
1

2
(𝑅4 + 𝑅1 −√(𝑅4 − 𝑅1)2 + 4𝑅2𝑅3). 

λ3 =
1

2
(𝑅4 + 𝑅1 +√(𝑅4 − 𝑅1)2 + 4𝑅2𝑅3). 

Where λ3 is the dominant eigenvalue with 𝑅4 ≥ 𝑅1. The reproduction number 𝑅0 for 

typhoid fever model system described in equations (1)-(5) is given in equation (37) as; 

R0 =
1

2
(𝑅4 + 𝑅1 +√(𝑅4 − 𝑅1)

2 + 4𝑅2𝑅3).     (37) 

R1 and R2 represent the mean number of newly infected individuals through direct 

mode of typhoid fever transmission whereas R5 represents the average number of 
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newly infected individuals through indirect modes. 𝑅3 and 𝑅4 represent the average 

number of newly infected individuals through both direct and indirect modes. This 

implies that 𝑅1, represents the average number of newly infected individuals resulting 

from interactions between susceptible population and infected population 𝐼ℎ only 

whereas 𝑅2 stems from interplay between susceptible population and infected 

population 𝐼𝑒 only. 𝑅5represents average number of newly infected population when 

interaction only occurs between a susceptible population and contaminated 

environment. 𝑅3 stems from interactions between susceptible population and infected 

population 𝐼ℎ as well as contaminated environment. Similarly, 𝑅4 results from 

interactions between a susceptible population and infected population 𝐼𝑒 as well as 

contaminated environment. 

4.7 Local Stability of Disease-Free Equilibrium (DFE) 

Theorem 2.  

The DFE of the model (1)-(5) is locally asymptotically stable if R0 < 1. 

Proof. 

We apply the Routh Hurwitz Criterion Wesley et al., (2010), which states that given a 

polynomial of degree 3 that is, 𝑃(𝜆) = 𝜆3 + 𝑎1𝜆
2 + 𝑎2𝜆 + 𝑎3 = 0 the corresponding 

Hurwitz Matrix is given as; 

𝑄 = |
𝑎1 1 0
𝑎3 𝑎2 𝑎1
0 0 𝑎3

| 

To verify if the disease-free equilibrium point is locally stable using the Routh Hurwith 

criterion, we need to show that the determinant, det(𝑄) = 𝑎3(𝑎1𝑎2 − 𝑎3) > 0, 

𝑎1 > 0, 𝑎3 > 0 and 𝑎1𝑎2 > 𝑎3. 

To get Matrix 𝑸 we subtract Matrix 𝑭 and Matrix 𝑽, that is; 

𝑭 − 𝑽 = (

𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂1)(1 − 𝛼) 𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂2)(1 − 𝛼) 0

0 0
𝜌(1−𝜓𝑓)𝐶𝑒(1−𝛼)𝜆

𝐾µ

0 0 0

)− (
µ + 𝛿1 + 𝜀1 0 0

0 µ + 𝛿2 + 𝜀2 0
−𝜂1 −𝜂2 𝜏 − 𝑟

), 

𝑭 − 𝑽 = (
𝑎 − 𝑑 𝑏 0
0 −𝑒 𝑐
−𝑓 −𝑔 −ℎ

). 

To find the characteristic equation we find; 

|(𝐹 − 𝑉) − 𝜆𝐼| = 0. 
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(𝐹 − 𝑉) − 𝜆𝐼 = [
𝑎 − 𝑑 𝑏 0
0 −𝑒 𝑐
−𝑓 −𝑔 −ℎ

] − [
𝜆 0 0
0 𝜆 0
0 0 𝜆

] [
𝑎 − 𝑑 − 𝜆 𝑏 0

0 −𝑒 − 𝜆 𝑐
−𝑓 −𝑔 −ℎ − 𝜆

], 

|(𝐹 − 𝑉) − 𝜆𝐼| = |
𝑎 − 𝑑 − 𝜆 𝑏 0

0 −𝑒 − 𝜆 𝑐
−𝑓 −𝑔 −ℎ − 𝜆

| = 0, 

Thus, we have, 

𝑎 − 𝑑 − 𝜆 |
−𝑒 − 𝜆 𝑐
−𝑔 −ℎ − 𝜆

| − 𝑏 |
0 𝑐
−𝑓 −ℎ − 𝜆

| + 0 |
0 −𝑒 − 𝜆
−𝑓 −𝑔

| = 0. 

Thus, the characteristic equation becomes, 

𝑃(𝜆) = −𝜆3 + (𝑎 − 𝑑 − 𝑒 − ℎ)𝜆2 + (𝑎𝑒 + 𝑎ℎ − 𝑑𝑒 − 𝑑ℎ − 𝑒ℎ − 𝑐𝑔)𝜆 + 𝑎𝑒ℎ +
𝑎𝑐𝑔 − 𝑑𝑒ℎ − 𝑑𝑐𝑔 − 𝑏𝑐𝑓 = 0. 

From the Routh Hurwitz stability criterion, the characteristic equation becomes, 

𝑃(𝜆) = 𝜆3 − (𝑎 − 𝑑 − 𝑒 − ℎ)𝜆2 − (𝑎𝑒 + 𝑎ℎ − 𝑑𝑒 − 𝑑ℎ − 𝑒ℎ − 𝑐𝑔)𝜆 − 𝑎𝑒ℎ −
𝑎𝑐𝑔 + 𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 = 0. 

Thus, comparing this characteristic equation with the general form of Routh Hurwitz 

stability criterion, we have, 

𝑎1 = 𝑑 + 𝑒 + ℎ − 𝑎, 

𝑎2 = 𝑑𝑒 + 𝑑ℎ + 𝑒ℎ + 𝑐𝑔 − 𝑎𝑒 − 𝑎ℎ, 

𝑎3 = 𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 − 𝑎𝑒ℎ − 𝑎𝑐𝑔. 

Thus, the Hurwitz matrix becomes, 

𝑄 = |

𝑑 + 𝑒 + ℎ − 𝑎 1 0
𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 − 𝑎𝑒ℎ − 𝑎𝑐𝑔 𝑑𝑒 + 𝑑ℎ + 𝑒ℎ + 𝑐𝑔 − 𝑎𝑒 − 𝑎ℎ 𝑑 + 𝑒 + ℎ − 𝑎

0 0 𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 − 𝑎𝑒ℎ − 𝑎𝑐𝑔
|, 

𝑑𝑒𝑡 𝑄 = 𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 − 𝑎𝑒ℎ − 𝑎𝑐𝑔((𝑑 + 𝑒 + ℎ − 𝑎)(𝑑𝑒 + 𝑑ℎ + 𝑒ℎ + 𝑐𝑔 −
𝑎𝑒 − 𝑎ℎ) − (𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 − 𝑎𝑒ℎ − 𝑎𝑐𝑔)) > 0. 

Therefore, according to Routh Hurwitz, the following conditions are satisfied. 

𝑎1 = 𝑑 + 𝑒 + ℎ > 𝑎, 

𝑎3 = 𝑑𝑒ℎ + 𝑑𝑐𝑔 + 𝑏𝑐𝑓 > 𝑎𝑒ℎ + 𝑎𝑐𝑔, 

𝑎1𝑎2 = 𝑒𝑎2 + 𝑎2ℎ + 2𝑒𝑑2 + 𝑑2ℎ + 3𝑒𝑑ℎ + 𝑒𝑐𝑔 + 𝑑ℎ2 + 𝑒ℎ2 + 𝑐𝑑𝑔 − 𝑎𝑐𝑔 −
2𝑒𝑎𝑑 − 2𝑎𝑑ℎ − 3𝑒𝑎ℎ − 𝑎ℎ2 − 𝑒𝑎2 > 𝑎3. 

Thus, since 𝑑𝑒𝑡 𝑄 > 0, 𝑎1 > 0, 𝑎3 > 0, and, 𝑎1𝑎2 > 𝑎3 then the disease-free 

equilibrium point is locally stable. 
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Where; 

𝑎 = 𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂1)(1 − 𝛼), 

𝑏 = 𝜌(1 − 𝜓𝑓)𝐶ℎ(𝜂2)(1 − 𝛼), 

𝑐 =
𝜌(1−𝜓𝑓)𝐶𝑒(1−𝛼)𝜆

𝐾µ
, 

𝑑 = µ + 𝛿1 + 𝜀1, 

𝑒 = µ + 𝛿2 + 𝜀2, 

𝑓 = 𝜂1, 

𝑔 = 𝜂2, 

ℎ = 𝜏 − 𝑟. 

4.8 Global Stability of the DFE 

To determine the global stability of the DFE, the Castillo-Chavez method is applied 

Castillo-chavez, (2001). We consider the following theorem; 

Theorem 3 

The disease-free equilibrium of the model (1) – (5) is globally asymptotically stable if 

𝑅0 ≤ 1. 

Proof 

Considering the theorem above, the system of equation (1)-(5) reduces to; 

{

𝑑𝑋

𝑑𝑡
= 𝐹(𝑋, 𝑍)

𝑑𝑍

𝑑𝑡
= 𝐺(𝑋, 𝑍), 𝐺(𝑋, 0) = 0

 

Where 𝑋 represent the population not infected while 𝑍 represent the infected 

population. 

And 𝐸0 = (𝑋, 0), 𝑃 = (𝑋∗, 0) = (
𝜆

µ
, 0,0,0,0) represents the disease-free equilibrium 

state of the system. 

To guarantee the global asymptotic stability, the following conditions must also satisfy; 

(𝐻1):
𝑑𝑋

𝑑𝑡
= 𝐹(𝑋∗, 0), 𝑋∗ is globally asymptotic stable. 

(𝐻2): 𝐺(𝑋, 𝑍) = 𝐴𝐼 − 𝐺(𝑋, 0) ≥ 0 for (𝑋, 𝑍) ∈ ℝ+
2  where A=𝐷1𝐺(𝑋

∗, 0) is the 

Metzler matrix that is, the domain where the model is well-posed and makes biological 
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sense is the non-negative off diagonal element of 𝐴. And this implies that the fixed 

point 𝐸0 = (𝑋
∗, 0) has a global asymptotic stability point of the model provided 𝑅0 <

1. Thus, for the condition (H1) to be satisfied we have; 

𝐹(𝑋, 0) = (
 𝜆 −  [(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ]𝑆 +  𝜔𝑅

ε1𝐼ℎ  +  ε2𝐼𝑒  −  (µ +  𝜔)𝑅
), 

For the equilibrium state 𝐸0 = (𝑋
∗, 0) the systems yield the following, 

𝑑𝑋

𝑑𝑡
= 𝜆 − [(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ]𝑆 +  𝜔𝑅, 

𝑑𝑋

𝑑𝑡
= ε1𝐼ℎ  +  ε2𝐼𝑒  −  (µ +  𝜔)𝑅. 

Which implies that, 

𝐹(𝑋, 0) = (
− [(𝜌𝛽ℎ  + (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ] 𝜔

0 − (µ +  𝜔)
). 

Letting 𝑤 = (𝜌𝛽ℎ  + (1 −  𝜌)𝛽𝑒)(1 −  𝛼) and determining the characteristic 

polynomial, we apply the following; 

𝐹(𝑋, 0) − 𝜆𝐼 = (
−(𝑤 + µ ) 𝜔 

0 − (µ +  𝜔)
) − (

𝜆 0
0 𝜆

) = 0. 

Implying that, 

|
−(𝑤 + µ ) − 𝜆 𝜔

0 − (µ +  𝜔) − 𝜆
| = 0. 

Thus, the characteristic equation of the polynomial becomes; 

𝜆2 + (3𝜔 + 𝑤)𝜆 + 2(𝑤 + 𝜔)𝜔 = 0.      (38) 

According to the Routh-Hurwitz criterion, solutions to the characteristic polynomial 

contain negative real components as all of the characteristic polynomials in equation 

(38) are non-negative. Thus, suggests that the real parts of the eigenvalues are 

negative. As a result, 𝑋∗ is globally asymptotic stable. 

Furthermore, for (𝐻2) to be satisfied, that is: 𝐺(𝑋, 𝑍) = 𝐴𝐼 − 𝐺(𝑋, 0) 

𝐺(𝑋, 𝑍) = (
−(µ + 𝛿1 + 𝜀1) 0 0

0 −(µ + 𝛿2 + 𝜀2) 0
𝜂1 𝜂2 𝑟 − 𝜏

). 

Thus, 𝐺(𝑋, 𝑍) = 𝐴𝐼 − 𝐺(𝑋, 0) becomes; 
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(
−(µ + 𝛿1 + 𝜀1) 0 0

0 −(µ + 𝛿2 + 𝜀2) 0
𝜂1 𝜂2 𝑟 − 𝜏

)(
𝐼ℎ
𝐼𝑒
𝐵
) − (

𝜌𝛽ℎ(1 − 𝛼)𝑆
(1 − 𝜌)𝛽𝑒(1 − 𝛼)𝑆

0

). 

Since A is a Metzler matrix, and that as 𝑡 → ∞, (𝐼ℎ, 𝐼𝑒 , 𝐵) → (0,0). Therefore, 

𝐹(𝑋, 𝑍) ≥ 0 and since the two conditions are satisfied the disease-free equilibrium is 

globally asymptotically stable in ℝ. 

4.9 The Endemic Equilibrium Point. 

We consider the following Lemma; 

Lemma 4. 

For 𝑅0 > 1, there exists a unique equilibrium point at 𝐸∗ otherwise it does not exist. 

Proof. 

To measure the endemic equilibrium point that is 𝐸∗ = 𝑆ℎ
∗ , 𝐼ℎ

∗ , 𝐼𝑒
∗, 𝑅∗, 𝐵∗) ,we equate 

the systems of differential equation for the states 𝑆, 𝐼ℎ, 𝐼𝑒 , 𝑅, 𝐵 to zero to estimate the 

endemic equilibrium points for both the human and bacteria populations. 

Determining the endemic equilibrium for the human population that is, 𝐸ℎ
∗ =

(𝑆∗, 𝐼ℎ
∗ , 𝐼𝑒

∗, 𝑅∗), we let, 

𝑎1 = 𝜌(1 − 𝛼), 

𝑎2 = (1 − 𝜌)(1 − 𝛼), 

𝑎3 = µ + 𝛿1 + 𝜀1, 

𝑎4 = µ + 𝛿2 + 𝜀2. 

And let 𝛽ℎ
∗ and 𝛽𝑒

∗ be equilibrium points such that; 

𝛽ℎ
∗ ≤

(1−𝜓𝑓)(𝜂1𝐼ℎ
∗+𝜂2𝐼𝑒

∗)

𝑁ℎ
∗ , 

𝛽𝑒
∗ ≤

𝐶𝑒(1−𝜓𝑓)𝐵
∗

𝐾+𝐵∗
. 

Thus, computing the endemic equilibrium for the human population yields; 

𝑆ℎ
∗ ≈

𝑎2𝑎3𝑎4𝜆

𝑎1𝑎2𝑎3𝑎4𝛽ℎ 
∗ −𝑎1𝑎3𝜔𝛽ℎ 

∗ 𝜀1+𝑎2 
2 𝑎3𝑎4𝛽𝑒

∗−𝑎2 
2𝜔𝛽𝑒 

∗ 𝜀2+𝑎2𝑎3𝑎4µ
> 0, 

𝐼ℎ
∗ ≈

𝜆(𝑎1𝑎3𝛽ℎ 
∗ 𝜀1)+𝑎2 

2𝛽𝑒 
∗ 𝜀2

𝑎1𝑎2𝑎3𝑎4𝛽ℎ 
∗ −𝑎1𝑎3𝜔𝛽ℎ 

∗ 𝜀1+𝑎2 
2 𝑎3𝑎4𝛽𝑒

∗−𝑎2 
2𝜔𝛽𝑒 

∗ 𝜀2+𝑎2𝑎3𝑎4µ
> 0, 

𝐼𝑒
∗ ≈

(𝑎1𝑎3𝛽ℎ 
∗ 𝑎4)𝜆

𝑎1𝑎2𝑎3𝑎4𝛽ℎ 
∗ −𝑎1𝑎3𝜔𝛽ℎ 

∗ 𝜀1+𝑎2 
2 𝑎3𝑎4𝛽𝑒

∗−𝑎2 
2𝜔𝛽𝑒 

∗ 𝜀2+𝑎2𝑎3𝑎4µ
> 0, 

𝑅ℎ
∗ ≈

𝑎2 
2𝛽𝑒 

∗ 𝑎4𝜆

𝑎1𝑎2𝑎3𝑎4𝛽ℎ 
∗ −𝑎1𝑎3𝜔𝛽ℎ 

∗ 𝜀1+𝑎2 
2 𝑎3𝑎4𝛽𝑒

∗−𝑎2 
2𝜔𝛽𝑒 

∗ 𝜀2+𝑎2𝑎3𝑎4µ
> 0. 
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Calculating the endemic equilibrium for the bacteria population we let 𝑏∗ be an 

endemic equilibrium point such that; 

𝑏∗ ≤ 𝑟𝐵∗ (1 −
𝐵∗

𝐾
). 

Therefore, 

𝑏∗ + 𝜂1𝐼ℎ 
∗ + 𝜂2𝐼𝑒 

∗ − 𝜏𝐵 ≥ 0, 

𝑟𝐵(𝐾 − 𝐵) + 𝜂1𝐾𝐼ℎ 
∗ + 𝜂2𝐾𝐼𝑒 

∗ − 𝜏𝐵𝐾 ≥ 0, 

𝐾𝑟𝐵 − 𝑟𝐵2 − 𝜏𝐵𝐾 + 𝜂̅𝐾(𝐼ℎ 
∗ + 𝐼𝑒 

∗ ) ≥ 0. 

−𝑟𝐵2 + 𝐵𝐾(𝑟 − 𝜏) + 𝜂̅𝐾(𝐼ℎ 
∗ + 𝐼𝑒 

∗ ) ≥ 0.       (39) 

Let, 

𝑞1 = 𝐾(𝑟 − 𝜏), 

𝑞2 = 𝜂̅𝐾(𝐼ℎ 
∗ + 𝐼𝑒 

∗ ). 

Solving the quadratic equation given in (39), the endemic equilibrium point for the 

bacteria population is approximated as follows; 

𝐵∗ ≤
𝑞1 +√𝑞1

2 + 4𝑟𝑞2
2𝑟

 

5.0 Global Stability of Endemic Equilibrium 

To study the global asymptotic stability of the endemic equilibrium point, we apply 

the LaSalle’s invariance principle. 

Theorem 5. 

The endemic equilibrium point 𝐸∗ of a system is globally asymptotically stable when 

𝑅0 > 1. 

Proof. 

We employ the LaSalle’s invariance principle to prove the global stability of the 

endemic equilibrium point. We use the following Lyapunov function. 

𝑉(𝑆, 𝐼ℎ, 𝐼𝑒 , 𝑅, 𝐵) ≤ (𝑆 − 𝑆
∗+𝑆∗ ln

𝑆

𝑆∗
) + (𝐼ℎ − 𝐼ℎ

∗ + 𝐼ℎ
∗ ln

𝐼ℎ

𝐼ℎ
∗) + (𝐼𝑒 − 𝐼𝑒

∗ +

𝐼𝑒
∗ ln

𝐼𝑒

𝐼𝑒
∗) + (𝑅 − 𝑅

∗+𝑅∗ ln
𝑅

𝑅∗
) + (𝐵 − 𝐵∗+𝐵∗ ln

𝐵

𝐵∗
). 

Differentiating 𝑉 with respect to 𝑡 we have; 
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𝑑𝑉

𝑑𝑡
≤ (1 −

𝑆∗

𝑆
)
𝑑𝑆

𝑑𝑡
+ (1 −

𝐼ℎ
∗

𝐼ℎ
)
𝑑𝐼ℎ

𝑑𝑡
+ (1 −

𝐼𝑒
∗

𝐼𝑒
)
𝑑𝐼𝑒

𝑑𝑡
+ (1 −

𝑅∗

𝑅
)
𝑑𝑅

𝑑𝑡
+ (1 −

𝐵∗

𝐵
)
𝑑𝐵

𝑑𝑡
.  

 (40) 

Replacing the values of 
𝑑𝑆

𝑑𝑡
, 
𝑑𝐼ℎ

𝑑𝑡
,
𝑑𝐼𝑒

𝑑𝑡
,
𝑑𝑅

𝑑𝑡
,
𝑑𝐵

𝑑𝑡
  in equation (40) we obtain; 

𝑑𝑉

𝑑𝑡
≤ (1 −

𝑆∗

𝑆
) (𝜆 − [(𝜌𝛽ℎ  +  (1 −  𝜌)𝛽𝑒)(1 −  𝛼)  +  µ]𝑆 +  𝜔𝑅) + (1 −

𝐼ℎ
∗

𝐼ℎ
) (𝜌𝛽ℎ(1 −  α)S − (µ + δ1  + ε1)𝐼ℎ) + (1 −

𝐼𝑒
∗

𝐼𝑒
) (𝜌𝛽ℎ(1 −  α)(1 −  ρ)S −

 (µ + δ2  +  ε2)𝐼𝑒) + (1 −
𝑅∗

𝑅
) (ε1𝐼ℎ  + ε2𝐼𝑒  −  (µ +  𝜔)𝑅) + (1 −

𝐵∗

𝐵
) (𝑟𝐵 (1 −

 
𝐵

𝐾
 ) + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 –  𝜏𝐵).   

Which implies,  

𝑑𝑉

𝑑𝑡
≤ 𝜆 + (𝜌𝛽ℎ(1 − 𝛼) + (1 − 𝜌)(1 − 𝛼)𝛽𝑒 + µ)𝑆

∗ + (µ + 𝛿1 + 𝜀1)𝐼ℎ
∗ + (µ + 𝛿2 +

𝜀2)𝐼𝑒
∗ + ε1𝐼ℎ  +  ε2𝐼𝑒 + (µ + 𝜔)𝑅

∗ + (𝑟𝐵 (1 − 
𝐵

𝐾
 ) + 𝜂1𝐼ℎ + 𝜂2𝐼𝑒 ) − (𝜆 +

𝜔𝑅)
𝑆∗

𝑆
− (µ + 𝛿1 + 𝜀1))𝐼ℎ − (𝜌𝛽ℎ(1 − 𝛼)𝑆)

𝐼ℎ
∗

𝐼ℎ
− (µ + 𝛿2 + 𝜀2)𝐼𝑒 − (1 − 𝜌)(1 −

𝛼)𝛽𝑒𝑆
𝐼𝑒
∗

𝐼𝑒
− µ𝑅 − (ε1𝐼ℎ  +  ε2𝐼𝑒 )

𝑅∗

𝑅
− (𝑟𝐵 (1 − 

𝐵

𝐾
))

𝐵∗

𝐵
− (𝜂1𝐼ℎ + 𝜂2𝐼𝑒)

𝐵∗

𝐵
. 

Setting 𝑄 to represent the positive terms and 𝑊 to represent the negative terms we 

have; 

𝑑𝑉

𝑑𝑡
≤ 𝑄 −𝑊. 

If 𝑄 < 𝑊, then 
𝑑𝑉

𝑑𝑡
≤ 0; 

Note that, 
𝑑𝑉

𝑑𝑡
≤ 0if and only if 𝑆 = 𝑆∗,𝐼ℎ = 𝐼ℎ

∗, 𝐼𝑒 = 𝐼𝑒
∗, 𝑅 = 𝑅∗, 𝐵 = 𝐵∗. Thus, the 

largest compact invariant set in (𝑆∗, 𝐼ℎ
∗, 𝐼𝑒

∗, 𝑅∗, 𝐵∗) ∈ ℝ+
5 : 

𝑑𝑉

𝑑𝑡
≤ 0 is the singleton 

𝐸∗where 𝐸∗is the endemic equilibrium of the system (1)-(5). From the Lassalle’s 

invariant principle, it shows that 𝐸∗is globally asymptotically stable ℝ+
5 if Q < W. 

6.0 Numerical Simulation 

In this study the main objective is to model transmission dynamics of typhoid fever 

disease, through direct and indirect modes. The aim is to analyze what happens to the 

system when control measures like vaccination, proper sanitation and human 

influence(fear) are effective or not. Additionally, we want to investigate the role of fear 

in the whole population. Thus, various graphical representations on the model have 

been generated using MATLAB R2023a Version which supports our analytical results. 



35 

 

Since most parameters values were not readily available, we picked the values from 

various sources and estimated some values as shown. 

6.1 Parameter Estimation 

This section outlines how the initial data and parameter values used for the model 

simulations were obtained. We formulated the model using demographic data from 

Kisii County in Kenya because most parameter values were estimated from a typhoid 

fever study Chamuchi et al., (2014) conducted there. The model can be applicable to 

various regions that share similar dynamics as this study, provided they fall within the 

parameter range of this research. Other parameter values were obtained from the 

weekly bulletin on typhoid fever outbreaks (WHO, 2023). Using demographic data 

from Kisii town in Kenya, we estimated the initial susceptible population to be 

approximately 130,000 (Chamuchi et al., 2014). Additionally, we used the Kenyan 

demographic data to calculate parameter values for recruitment and death rates. The 

average lifespan of a Kenyan is 67 years (Njenga & Kipchirchir, 2024). To estimate 

the death rate, we shall take the reciprocal of the average life expectancy, that is, µ =

 
1

67
 =  0.01493. In 2023, approximately 4% of deaths were attributed to typhoid fever 

in Kenya (WHO, 2023). Hence, we estimate the disease induced death rate 𝛿1 =

4 100 =  0.04. We calculate the recruitment rate into the susceptible class using the 

expression for the state of the model at the disease-free equilibrium point, 𝑆0  =  
𝜆 

µ
 , 

which yields, 𝜆 = µ𝑆0  =  0.01493.×  130000 =  1941. All parameters used in 

model analysis and numerical simulation are given in Table 3. 

6.1.1 Numerical Results 

Numerical simulations were conducted to explore the evolution of the transmission 

dynamics of typhoid fever disease taking into account the direct and indirect modes of 

transmission alongside the efficacy of control measures such as vaccination and the 

psychological factor of fear. Using the parameter values given in Table 3 we simulated 

the model system for equations (1)-(5) with initial states given as 𝑆 =  130, 000, 𝐼ℎ  =

 1265, 𝐼𝑒 =  9442, 𝑅 =  5000, and the initial state for the bacteria population 𝐵 =

 145707. The parameters for the psychological factor of fear 𝜓𝑓 , vaccination 𝛼, and 

discharge rates (𝜂1, 𝜂2) were varied from a baseline value of 0 to a maximum value of 

1, in order to determine their impact on the transmission dynamics. Figure 4 and 

Figure 5 shows the modelling outcomes when psychological factor of fear 𝜓𝑓 and 
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vaccination are either varied, ranging from a low rate of 0 to a high efficacy rate of 1, 

high efficacy rate of 1, or fixed at a low baseline rate of 0.1 and a high rate of 0.9 

respectively. Meanwhile, key parameters are varied to observe their effects on the 

modelling outcomes 

Table 3: Parameter Values 

Parameter Value Unit Source 

𝜆 1941 𝑚𝑜𝑛𝑡ℎ−1 Calculated 

µ 0.01493 𝑚𝑜𝑛𝑡ℎ−1 Calculated 

 𝜓𝑓 Varied (0-1)             -  

𝜔 0.33 𝑚𝑜𝑛𝑡ℎ−1 (Edward, 2017) 

𝜀1 0.0625 𝑚𝑜𝑛𝑡ℎ−1 (Chamuchi et al., 2014) 

𝜀2 0.0625 𝑚𝑜𝑛𝑡ℎ−1 (Chamuchi et al., 2014) 

𝜂1 Varied (0-1)              -  

𝜂2 Varied (0-1)              -  

       α Varied (0-1)              -  

𝛿1 0.0400 𝑚𝑜𝑛𝑡ℎ−1 Calculated 

𝛿2 0.0503 𝑚𝑜𝑛𝑡ℎ−1 Estimated 

      ρ 0.5 𝑚𝑜𝑛𝑡ℎ−1 (Edward & Nyerere, 2017) 

       τ                   0.0007 𝑚𝑜𝑛𝑡ℎ−1 Estimated 

𝑟 0.00001 𝑚𝑜𝑛𝑡ℎ−1 Estimated 

𝐾 500000 𝑚𝑜𝑛𝑡ℎ−1 (Matsebula, 2021) 

𝐶ℎ 0.1533 𝑚𝑜𝑛𝑡ℎ−1 (Edward, 2017) 

𝐶𝑒 0.8133 𝑚𝑜𝑛𝑡ℎ−1 Estimated 

 

Figure 2 shows the trend of the typhoid fever model when all the parameter values are 

constant. As a result of proper sanitation, good personal hygiene, and effective 

vaccination, the number of susceptible populations gradually declines and the infection 
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rate is low. The infectious classes 𝐼ℎ(𝑡) and 𝐼𝑒(𝑡) exhibits an exponential rise and 

decreases gradually to a point of stationary equilibrium. The recovered population 

gradually increases with time up to a specific point before establishing a steady state. 

We can observe that the bacteria concentration grows gradually over time, reaching a 

maximum at which the equilibrium point is attained.  

 

 

 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Numerical Solution of the Model. 
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Figure 4-Figure 5 show the effects of varying 𝜓𝑓, on both human and bacteria 

populations when α is fixed at low baseline rate of 0.1 and a high efficacy rate of 0.9 

respectively. The susceptible population decreases significantly when the 

psychological factor of fear, 𝜓𝑓 , is low, and decreases even further when paired with 

low vaccination rates (see Figure 4a– 4b). However, when the psychological factor of 

fear is high, specifically within the range of 0.9 to 1, even with low vaccination rates, 

fewer susceptible individuals become infected with typhoid fever. Better results are 

achieved when both vaccination and the psychological factor of fear are sustained 

between 0.9 and 1. The number of infected populations is significantly decreased with 

steady increase in psychological factor of fear, 𝜓𝑓 , from 0 to 1 (see Figure 4c–4f). 

Similarly, recovered populations, 𝑅, are further reduced with an increase in 𝜓𝑓 (see 

Figure 5a–5b). Figure 5c-5d, show that, the bacteria concentration is reduced by high 

rates of 𝜓𝑓 . Better results are achieved when psychological factor of fear, 𝜓𝑓 and 

Figure 3: Subplots of the Model 
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vaccination rates, α are both steadily increased to high efficacy rates. The results imply 

that, when both fear and vaccination rates are high, the spread of typhoid fever is 

effectively controlled. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(f) α=0.9 (e) α=0.1 

(d) α=0.9 (c) α=0.1 

(b) α=0.9 
(a) α=0.1 

Figure 4: Effects of varying 𝜓𝑓 on human populations when 𝛼 is fixed at 0.1 and 

0.9 respectively. 
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(d) α=0.9 
(c) α=0.1 

(b) α=0.9 (a) α=0.1 

Figure 5: Effects of varying 𝜓𝑓 on recovered and bacteria populations when 𝛼 is fixed at 0.1 

and 0.9 respectively. 
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(f) (e) 

(d) (c) 

(b) (a) 

Figure 6: Effects of Varying 𝜂1 and 𝜂2 when 𝛼 =  0.5 and 𝜓𝑓 = 0.5. 
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Figure 6-Figure 7 show the effects of varying 𝜂1 and 𝜂2, on both human and bacteria 

populations when 𝛼 and 𝜓𝑓 are fixed at rate of 0.5. The susceptible population 

decreases significantly when the discharge rates 𝜂1 and 𝜂2 are high (see Figure 6a-

6b) even when paired with the psychological factor of fear and vaccination, 𝜓𝑓 and α, 

fixed at 0.5. The number of infected populations is significantly increased with steady 

increase in 𝜂1 and 𝜂2 from 0 to 1 (see Figure 6c-6d). Similarly, recovered populations, 

𝑅, are increased with an increase in 𝜂1 and 𝜂2 (see Figure 6e–6f). Figure 7a-7b, show 

that, the bacteria concentration is reduced by low rates of 𝜂1 and 𝜂2. Great results are 

achieved when the discharge rates, of 𝜂1 and 𝜂2are both steadily decreased to low 

rates. The results conclude that, managing discharge rates is important for better 

overall disease control. 

 

 

 

 

 

 

 

 

(b)

) 

(a)

) Figure 7: Effects of Varying 𝜂1 and 𝜂2 when 𝛼 =  0.5 and 𝜓𝑓 = 0.5. 

(b) Ce=0.9  (a) Ce=

0.1  
Figure 8: Effects of Varying Ch on the susceptible population when Ce is fixed at 0.1 and 

0.9 respectively. 
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(e) Ce=0.1  

(d) Ce=0.9  

(a) Ce=0.1  (b) Ce=0.9  

(c) Ce=0.1  

(f) Ce=0.9  

Figure 9: Effects of Varying 𝐶ℎ when 𝐶𝑒 is fixed at 0.1 and 0.9 respectively. 
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Figure 8-Figure 9 show the effects of varying 𝐶ℎ, on both human and bacteria 

populations when 𝐶𝑒 is fixed at low baseline rate of 0.1 and a high efficacy rate of 0.9 

respectively. The susceptible population decreases significantly when the direct 

contact rate, 𝐶ℎ, is high, and decreases even further when paired with low indirect 

contact rate. However, when the 𝐶𝑒 is high, specifically within the range of 0.9 to 1, 

even with low direct rates, more susceptible individuals become infected with typhoid 

fever (see Figure 8a-8b). Better results are achieved when both indirect contact rate 

and direct contact rate are sustained at low rates of 0.1. The number of infected 

populations is significantly increased with steady increase in direct contact rate, 𝐶ℎ, 

from 0 to 1 (see Figure 9a–9b). The recovered populations, 𝑅, is increased with an 

increase in 𝐶ℎ (see Figure 9c–6d). Figure 9e-9f, show that, the bacteria concentration 

is increased by high rates of 𝐶ℎ. Desirable results are achieved when direct contact 

rate, 𝐶ℎ and indirect contact rates, 𝐶𝑒 are both reduced. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(d) 𝜓𝑓 = 0.9 
(c) 𝜓𝑓 = 0.1 

(b) 𝜓𝑓 = 0.9 (a) 𝜓𝑓 = 0.1 

Figure 10: Effects of Varying 𝐶ℎ when 𝜓𝑓 is fixed at 0.1 and 0.9 respectively. 
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Figure 10-Figure 11 show the effects of varying 𝐶ℎ, on both human and bacteria 

populations when 𝜓𝑓 is fixed at low baseline rate of 0.1 and a high efficacy rate of 0.9 

respectively. The susceptible population decreases significantly when 𝐶ℎ, is high, and 

decreases even further when paired with low psychological factor of fear rates. 

However, when the psychological factor of fear is high, specifically within the range 

of 0.9 to 1, even with low direct contact rates, fewer susceptible individuals become 

infected with typhoid fever disease (see Figure 10a–10b). Preferable results are 

achieved when direct contact rate is sustained at low rates and the psychological factor 

of fear are sustained between 0.9 and 1. The number of infected populations is 

significantly increased with decrease in psychological factor of fear and high direct 

contact rates within the range of 0 to 1. However, the infected population is reduced 

by high rates of the psychological factor of fear and low direct contact rates (see 

(d) 𝜓𝑓 = 0.9 (c) 𝜓𝑓 = 0.1 

(b) 𝜓𝑓 = 0.9 (a) 𝜓𝑓 = 0.1 

Figure 11: Effects of Varying 𝐶ℎ when 𝜓𝑓 is fixed at 0.1 and 0.9 respectively 
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Figure 10c–10d). Similarly, recovered populations, 𝑅, are reduced with an increase in 

𝜓𝑓 (see Figure 11a–11b). Figure 11c-11b, show that, the bacteria concentration is 

reduced by high rates of 𝜓𝑓 and low rates of 𝐶ℎ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(d) α=0.9 (c) α=0.1 

(b) α=0.9 (a) α=0.1 

Figure 12: Effects of Varying 𝐶ℎ when 𝛼 is fixed at 0.1 and 0.9 respectively. 
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Figure 12-Figure 13 show the effects of varying 𝐶ℎ, on both human and bacteria 

populations when 𝛼 is fixed at low baseline rate of 0.1 and a high efficacy rate of 0.9 

respectively. The susceptible population reduces significantly when the direct contact 

rate 𝐶ℎ, is high, and decreases even further when coupled with low vaccination rates 

(see Figure 12a–12b). However, when the vaccination aspect is high, specifically 

within the range of 0.9 to 1, even with low direct contact rates, fewer susceptible 

individuals become infected with typhoid fever. Better results are attained when 

vaccination is sustained between 0.9 and 1 and the direct contact rates are low. The 

number of infected populations is significantly increased with steady increase in direct 

contact rates, 𝐶ℎ, from 0 to 1 (see Figure 12c–12d). Similarly, recovered populations, 

𝑅, are further reduced with a decrease in 𝐶ℎ (see Figure 13a–13b). Figure 13c–13d, 

show that, the bacteria concentration is reduced by low rates of 𝐶ℎ. More Suitable 

(d) α=0.9 (c) α=0.1 

(b) α=0.9 (a) α=0.1 

Figure 13: Effects of Varying 𝐶ℎ when 𝛼 is fixed at 0.1 and 0.9 respectively 
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results are achieved when direct contact rates, 𝐶ℎ  are reduced and vaccination rates, 

𝛼 are steadily increased to high efficacy rates. 

 

  

(f) 𝜓𝑓 = 0.9 (e) 𝜓𝑓 = 0.1 

(c) 𝜓𝑓 = 0.1 

(b) 𝜓𝑓 = 0.9 (a) 𝜓𝑓 = 0.1 

(d) 𝜓𝑓 = 0.9 

Figure 14: Effects of Varying 𝐶𝑒  when 𝜓𝑓 is fixed at 0.1 and 0.9 respectively. 
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Figure 14–Figure 15 show the effects of varying 𝐶𝑒, on both human and bacteria 

populations when 𝜓𝑓 is fixed at low baseline rate of 0.1 and a high efficacy rate of 0.9 

respectively. The susceptible population reduces significantly with increased indirect 

contact rates and decreased further when paired with low psychological factor of fear 

𝜓𝑓 (see Figure 14a–14b). The infected population is increased by high indirect contact 

rates and significantly reduced by high rates of psychological factor of fear (see Figure 

14c–14d). Figure 14e–14f show that, the recovered population significantly increases 

with increase in indirect contact rate. Figure 15a-15b reveal that the bacteria 

concentration is reduced by low rates of indirect contact rates and high rates of 

psychological factor of fear. 

 

 

 

 

 

 

 

(b) 𝜓𝑓 = 0.1 (a) 𝜓𝑓 = 0.1 

Figure 15: Effects of Varying 𝐶𝑒  when 𝜓𝑓 is fixed at 0.1 and 0.9 respectively. 

(b) α=0.9 
(a) α=0.1 

Figure 16: Effects of Varying 𝐶𝑒 when 𝛼 is fixed at 0.1 and 0.9 respectively. 
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(f) α=0.9 (e) α=0.1 

(d) α=0.9 (c) α=0.1 

(b) α=0.9 
(a) α=0.1 

Figure 17: Effects of Varying 𝐶𝑒 when 𝛼 is fixed at 0.1 and 0.9 respectively. 
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Figure 16–Figure 17 show the effects of varying 𝐶𝑒, on both human and bacteria 

populations when 𝛼 is fixed at low baseline rate of 0.1 and a high efficacy rate of 0.9 

respectively. The susceptible population increases significantly when the indirect 

contact rate 𝐶𝑒 is high, and increases when paired with low vaccination rates (see 

Figure 16a–16b). However, when the vaccination aspect is high, specifically within 

the range of 0.9 to 1, even with low indirect rates, fewer susceptible individuals 

become infected with typhoid fever. Better results are attained when vaccination is 

sustained between 0.9 and 1 and the indirect contact rate are low. The number of 

infected populations is significantly increased with steady increase in indirect contact 

rate, 𝐶𝑒, from 0 to 1 (see Figure 17a–17d). Similarly, recovered populations, 𝑅, are 

further reduced with a decrease in 𝐶𝑒  (see Figure 17e–17f). Figure 17g-17h, show 

that, the bacteria concentration is reduced by low rates of 𝐶𝑒. Valuable outcomes are 

achieved when direct contact rates, 𝐶𝑒  are reduced and vaccination rates, 𝛼 is steadily 

increased to high efficacy rates. 
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CHAPTER FIVE 

DISCUSSION, CONCLUSION AND RECOMMENDATIONS 

5.1 DISCUSSION AND CONCLUSION 

 

We presented a deterministic model to examine the interplay between human responses 

driven by the psychological factor of fear of infection and vaccination efforts in the in 

the overall transmission dynamics of typhoid fever, while taking into consideration 

both the direct and indirect modes of transmission. Applying standard mathematical 

techniques, we studied the qualitative behavior of the deterministic model where 

established the feasibility region for the typhoid fever model system, calculated both 

the disease-free and endemic equilibrium points and determined the necessary 

conditions for their local and global stability. The typhoid fever model reproduction 

number 𝑅0 was established using the next generation matrix method and distinct 

pathways for the transmission of infection were identified, shedding light on the 

crucial interactions among key population groups fueling the spread of the disease. 

Model results show that, heightened psychological factor of fear of typhoid fever 

disease correspond with a decrease in infection rates. Elevated levels of 𝜓𝑓indicate 

greater selfresponsiveness to the disease and fewer infected individuals, thus reducing 

the pool of potential carriers. This in turn prompts individuals to avoid contaminated 

water sources, uphold personal hygiene, and ensure proper sanitation, in turn lowering 

bacterial concentrations in the environment. Further, the model results showed that 

elevated incidences of typhoid fever correlate with declining immunity post treatment 

with recovered individuals becoming susceptible to infection, vaccine hesitancy, 

waning vaccine efficacy on vaccinated populations and reduced psychological factor 

of fear resulting in less caution when interacting with possible contaminated 

individuals or environment. Numerical simulations further revealed that indirect mode 

of transmission was exacerbated by high bacteria concentration in the environment 

which is replenished by discharge rates from the infected populations. The combined 

elevated discharge rates increase the infection rate and low sustained discharge rates 

reduces the transmission rate as shown in Figure 6 and Figure 7. 

The shedding of the bacteria from the infected classes had a much impact on the 

bacteria population in the environment. The growth of this bacteria was associated 
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with the significant contribution of Salmonella Typhi from the infected humans. From 

these observations, we deduced that, environmental transmission is associated with the 

increased discharge rates which replenish the bacteria concentration. Additionally, 

avoiding contact with contaminated food and water reduces typhoid fever infection 

significantly through direct and indirect mode of transmission. Furthermore, when the 

psychological factor of fear and vaccination rates are sustained at high levels, the 

contact rate is reduced as shown in Figure 6-Figure 17. 

Typhoid fever although contained in some parts of Kenya, continues to cause 

morbidity and mortality particularly to vulnerable informal settlements with low 

resilience to proper sanitation and safe drinking water with infants and school-aged 

children most affected. This has resulted in several typhoid fever outbreaks over the 

recent years. The Kenyan constitution recognizes drinking treated water as a basic 

human right. From 2010, resource allocation was increased to support water and 

sanitation access to clean water in the urban informal settlements within Nairobi (Ng 

et al., 2023). In addition, the Government of Kenya made efforts to expand treated 

water sources, upgrade the piping systems and introduce an aerial water distribution 

source in a bid to tackle sanitation and reduce transmission of infectious diseases like 

typhoid fever and cholera (Ng et al., 2023). 

Despite these noble efforts, adequate mitigation efforts to contain typhoid fever in 

endemic regions continue to face significant hurdles due to poverty, population 

displacements, inadequate health infrastructure, cultural and religious beliefs, 

community norms, vaccine hesitancy, insufficient funding to sustain vaccination 

efforts and adequate infrastructure to support proper sanitation due to government 

priorities among others. Our model results suggest that increased vaccination efforts 

particularly safeguard vulnerable populations like infants and school-aged children, 

owing to the fact they may lack the psychologically capacity to protect themselves 

from contaminated sources. Numerical simulations further revealed that combined 

effects of increased vaccination and heightened psychological factor of fear of typhoid 

fever play a vital role in preventing typhoid fever transmission, resulting in less 

bacterial shedding into the environment, as shown in Figure 4-Figure 5. In the 

absence of widespread vaccination against typhoid fever, an increase in the 

psychological factor of fear of typhoid fever disease is still quite effective in 
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significantly reducing disease transmission in the appropriate demography as shown 

in this study. The proposed strategies suggested in this study could further support 

typhoid fever mitigation strategies even in regions with limited resources as self-

responsiveness achieves equally good results in containing the disease, even in the 

absence of vaccination. The proposed model results will further accelerate the 

achievement of 2030 Sustainable Development Goal (SDG) aimed at improving health 

and well-being. 

5.2 RECOMMEDATIONS 

Further research could consider the inclusion of demographic aspects such as age and 

gender, spatial aspects, pathogen detection, pathogen characterization, 

epidemiological surveillance among others, in the typhoid fever mathematical models. 

By broadening the scope of these models, researchers will be better equipped to 

simulate realistic scenarios, guiding policy makers and healthcare professionals in 

preventing and controlling typhoid fever outbreaks. 
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