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Abstract. A left-symmetric algebra A is said to be a derivation algebra if all its left and
right multiplications are derivations of the Lie algebra associated to A. In this paper, we shall
study derivation algebras over R and then classify almost all those of dimensions < 4.
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1. INTRODUCTION

The notion of a left-symmetric algebra appeared for the first time in the work of
Koszul [10] and Vinberg [14] concerning bounded homogeneous domains and convex
homogeneous cones, respectively. A left-symmetric algebra A over a field F is a finite-
dimensional vector space over I together with a product, said to be left-symmetric and
denoted by x - y, which satisfies the following condition

x-y-z—@-x)z=x-(y-2)—y-(x-z), foralx,y,zeA. (1)
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In this case, the commutator

[x,y]=x-y—y-x, (2)

defines a structure of Lie algebra on A, called the associated (or the sub-adjacent) Lie
algebra. On the other hand, if G is a Lie algebra with a left-symmetric product - satisfying
(2), then we say that this left-symmetric structure is compatible with the Lie structure of G.
Throughout this paper, we will restrict to the case FF = R.

If A is a left-symmetric algebra whose associated Lie algebra is G, and if L, and R, denote
the left and right multiplications, respectively, then (1) can be stated in terms of L, as follows

[Lx, Ly] = L, forallx,ye€A,

or, in other words, the linear map L : G — End (A) is a representation of Lie algebras.

On the other hand, if G is a simply connected Lie group with a left-invariant affine
connection V, then define a product - on the Lie algebra G of G by

x-y=V,y,

for all x,y € G. It is clear that the flatness and the torsion-freeness of V correspond to
the conditions (1) and (2), respectively. Conversely, If G is a simply connected Lie group
with Lie algebra G and x - y denotes a left-symmetric product on G compatible with the Lie
structure, then the left-invariant connection given by V,y = x - y defines a left-invariant
affine connection V on G. In other words, for a given simply connected Lie group G with
Lie algebra G, there is a one-to-one correspondence between left-invariant affine connections
on G and compatible left-symmetric products on G.

Before passing to the next section, we briefly recall some basic definitions. Let A be a
left-symmetric algebra A. We say that A is simple if it is non-zero and has no proper two-
sided ideal. A is semisimple if it is a direct sum of simple left-symmetric algebras. We say
that A is complete (or transitive) if R, is a nilpotent operator for all x € A. It turns out that,
for a given simply connected Lie group G with Lie algebra G, the complete left-invariant
affine structures on G are in one-to-one correspondence with the complete left-symmetric
structures on G compatible with the Lie structure. It is also known that an n-dimensional
simply connected Lie group admits a complete left-invariant affine structure if and only if it
acts simply transitively on R” by affine transformations [9]. A simply connected Lie group
which is acting simply transitively on R" by affine transformations must be solvable [1].
It is well known that not every solvable (even nilpotent) Lie group can admit an affine
structure [2].

In this paper, we are concerned with a special class of left-invariant affine connections on
real Lie groups considered first in [11] and called adapted to the automorphism structure of
the Lie group. Namely, if V is a left-invariant affine connection a given a Lie group G with
Lie algebra G, we say that V is adapted to the automorphism structure of G if and only if
the linear mapping 6 : G — End (G) defined by 0 (x) = V, takes its values in the algebra
Der (G) of all the derivations of G. In terms of left-symmetric structures, we are concerned
with the class of finite-dimensional real left-symmetric algebras A satisfying the identity

(x-y)-z=(z-y)-x, foralx,y, zeA. 3)
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A left-symmetric algebra A with the associated Lie algebra G is called a derivation algebra
if it obeys the identity (3). This is also equivalent to say that left and right multiplications L,
and R, are derivations of G.

The paper is organized as follows. In Section 2, we will briefly recall some necessary
definitions and basic results on left-symmetric algebras and their extensions. In Section 3, we
will determine all the commutative associative real algebras of dimension < 4. In Section 4,
we will provide some interesting results concerning derivation algebras, and we will discuss
the relationships of derivation algebras with other special left-symmetric algebras such as
Novikov algebras and left-symmetric algebras satisfying the condition [x, y]-z = 0. We will
also give the classification of derivation algebras of dimension < 3. In Section 5, using the
extensions of left-symmetric algebras, we will classify almost all derivation algebras over R
of dimension 4.

2. EXTENSIONS OF LEFT-SYMMETRIC ALGEBRAS

To our knowledge, the notion of extensions of left-symmetric algebras has been considered
for the first time in [9]. Suppose that a vector space extension A of a left-symmetric algebra
A by another left-symmetric algebra E is given. We want to define a left-symmetric structure
on A in terms of the left- symmetric structures given on A and E. In other words, we want to
define a left-symmetric product on A for which E becomes a two-sided ideal in A such that
A /E = A; or equivalently,

0>E—>A—>A->0

becomes a short exact sequence of left-symmetric algebras.

Theorem 1 ([9]). There exists a left-symmetric structure on A extending a left-symmetric
algebra A by a left-symmetric algebra E if and only if there exist two linear maps A, p : A —
End(E) and a bilinear map g : A x A — E such that, forall x,y,z € Aand a,b € E, the
following conditions are satisfied.

Ax (a - b) = Ax(a) - b+a- )‘x(b) — px(a) - b,

ox ([a, b)) = a - p(b) — b - pi(a),

[Axs Ayl = Axy1 = Lg(xy)-g(y.0)

[Ax, py]+ Py © Px — Px.y = Rg(x,y)

g,y ) =g x -2+ A (g(y,2) =y (g(x,2) — g (x,y],2) —pz(g (x,y) —
gy, x)) =

__ If the conditions of Theorem 1 are fulfilled, then the extended left-symmetric product on
A = A x E is given by
(x,a)- (. b) = (x-y,a-b+i (b)+ py (@) + g (x, ). “4)

Let K be a left-symmetric algebra, and suppose that a K-bimodule V' is known. We denote
by L? (K, V) the space of all p-linear maps from K to V, and we define two coboundary
operators &7 : L' (K,V)— L*(K,V)and 8, : L>(K, V) — L3 (K, V) as follows:

For a linear map h € L' (K, V) we set

S1th (x,y) = py (h(x)) + A (R (y)) —h(x-y), ®)

M
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and for a bilinear map g € L? (K, V) we set

g(x,y,20)=8(x,y-2) =g, x-2)+ A (g(y,2) — Ay (g (x,2) (6)
—g(x,y],2) —p; (gx,y) — g (¥, x))

where A and p are linear maps A, p : K — End (V).

It is straightforward to check that §, o §; = 0. Therefore, if we set Z)%_ o (K,V) = keré,
and B2 (K V) =1Im §;, we can deﬁne a notion of second cohomology for the actions A and
p by 51mp1y setting H2 , (K, V)=1Z; ,(K,V) /B (K, V). As in the case of Lie algebras,
we can prove the followmg (see [9])

Proposition 2. For given linear maps A, p : K — End (V), the equivalent classes of
extensions

0-V—->A—->K-—>0

of K by V are in one-to-one correspondence with the elements of the second cohomology
group Hf!p (K, V).

A left-symmetric algebras extension
05 ESAB A0
is called central if and only if i (E) € C (Z) where
C(Z):{xeg:x~y=y~x=0}
is the center of A. In particular, the extension is central whenever E is a trivial A-bimodule
(i.e., A =p =0).

We say that the extension is exact if and only if i (E) = C (AV) It is easy to verify (see [9])
that the extension is exact if and only if Ig) = 0, where

Ig={xeA:x-y=y-x=0and g(x,y) =g(y,x)=0forally € A}.

We observe that Ijg) is depends only on the cohomology class of g, that is /i, is well
defined.

In case E is a trivial A-bimodule, we denote the central extension corresponding to the
class [g] € H?> (A, E) by (A lg]).

Let (A, [g]) and (A , [g ]) be two central extensions of A by E, and u € Aut (E) =

GL (E)andn € Aut (A), where Aut (E) and Aut (A) are the groups of left-symmetric auto-
morphisms of_ E and K, respectively. Itis clear that if, » € L' (A, E), then the linear mapping
w A — A defined by ¥ (x,a) = (n(x), u(a)+ h(x)) is an isomorphism provided

g (), n () = (g (5, 1) +81h (x,y) forall (x, y) € A x Asie i [¢] = lgl
This allows us to define an action of the group G = Aut (E) x Aut (A) on H? (A, E) by
setting

(s ) - (8] = msn™ (€]

or equivalently, (i, n) - g (x, y) = u (g (n (x),n(y))) forallx, y € A.
Denoting the set of all exact central extensions of A by E by

H2 (A, E)={lgl € H* (A, E) : Iy = 0}
and the orbit of [g] by G, it turns out that the following result is valid (see [9]).
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(Z [g]) and (AN/ [g/D are isomorphic if and only if Gy = G[g/]. In other words, the

classification of the exact central extensions of A by E is, up to left-symmetric isomorphism,
the orbit space of Hezx (A, E) under the natural action of G = Aut (E) x Aut (A).

Proposition 3. Ler [g] and [g/] be two classes in H 62 (A, E). Then, the central extensions

We close this section with the following useful result (see [5]).

Proposition4. Let0 — I — A — J — 0 be an exact sequence of left-symmetric algebras.
Then, A is complete if and only if I and J are both complete.

3. COMMUTATIVE ASSOCIATIVE ALGEBRAS

It is easy to prove that a left-symmetric algebra A is commutative (i.e., x -y = y - x, for
all x, y € A) if and only if its associated Lie algebra is abelian. In this case, A is necessarily
associative.

We will determine all the commutative associative real algebras of dimension < 4. First,
we note that, up to an isomorphism, there are exactly two commutative real algebras of
dimension 1: The trivial algebra in which x - y = 0 for all x, y € A, and the field R itself. We
will denote them by Ry and R, respectively. Note here that we will often write R; = Rey,
with e - eg = €.

In dimensions 2 and 3, commutative associative real algebras are described by the
following lemmas that we state without proofs (see [13], Proposition 4.1 and Theorem 5.2).

Lemma 5. Every two-dimensional commutative associative algebra A over R is isomorphic
to one of the following algebras

Ari:e-ep=ej,er-e2=e
Arp:iej-ep=ej,e1-e=¢e e = e,
Arz:ej-ep=ej,e1-ea=ey- e =ee -0 = —ey,
Arg:ep-ep=ey,

Ars:ep-ep =e,

A2,6I€i-e‘j=0, i,j=1,2.

If A is complete, then A is isomorphic to Ay ;,i =5, 6.

Lemma 6. Every three-dimensional commutative algebra A over R is isomorphic to one of
the following algebras

Azj:e-e,=e-e =¢, ex-ex=e3,e3-e3=e3,i =1,2,3,
A3q22€1~ei=€,’~€1=€,’, €y - €) =¢6€p,63-€e3 =€) — ey, i=1,2,3,
Azz:ej-e,=e e =¢, ex-ea=e€,1=1,23,
A3.4I€1~€,‘=€,‘-€1=€,‘, e3-e3 = ey, i=1,2,3,
Ass:e1-e,=¢ - =¢;,i=1,23,

Azg:ej-ep =ej, e e =e,

Aszg:ej-ep=ej, ej-ep=er-e1 =e, €= —e,

Azg:ej e =ey,

Aszg:ej-ep=ey, ey =er-e = e,
Aszlo:er-er=ep, e e =e3



106 M. Guediri, K. Albalawi

Azq1:e1-ep=ey,e3-€3=e,
Azp:e1-ep =ey,e3-€3 = —e,
Az 13 e e = e,

Az1s:e1-e1=ey, ej-ep=er-e] =e3,
A3,15:ei'ej:()» i,j=1,2,3.

If Ais complete, then A is isomorphic to A3 ;,i = 11,......,15.

In dimension 4, the classification of complete commutative associative real algebras was
given in [9]. To classify the incomplete commutative associative real algebras of dimension 4,
we proceed according to the following lemma that we quote from [3].

Lemma 7. Let A be a commutative associative algebra over R. Suppose that A is not a
direct sum of proper non-trivial ideals. Then A is either

e complete, or ~

e equal to B for a complete B, where B = B@® (1) withb-1=1-b =b forallb € B, or

o equal to A3 @ R (A), where A, 3 is the algebra given in Lemma 5 and R(A) is the
radical of A.

With this lemma in hand, and based on the classification of commutative associative real
algebras of dimension 3, we obtain the following result.

Proposition 8. Every four-dimensional commutative associative algebra A over R is
isomorphic to one of the following algebras

A4,1=;\;ﬂ:el~e,-=e,-~el=ei,ez~ez=es-63=e4, 1 <i<4
Agp=Azn:e1-e,=¢-ep=¢,er-e2=e4, e3-€3=—e4, 1=<i=<4,
A4,3=X;E:el~e;=ei~61=ei,ez~ez=es,l§i§4,
Aga=Az14:e1-¢=¢;-e;=¢,e1-e2=¢e3, ey-e3=e3-ep=¢4, 1=<i=<4,
A4,5=X3\,g:el~e;=ei~61=ei, 1 <i=<4,
Ase=A310ORo: e -e;=¢;, 1=<i=<3

A7 =A32®Rp:e;- ej-e1=¢,e-ep=—e, e3-e3=¢e3, 1=<i=<2
Ayg=A330Rp:e1-e;=¢-e1=ej,e3-e3=e3, 1=<i=<2,

Ao =A34®Rg:e1-¢,=¢ e =¢,e3-e3=e, 1=<i=<3,
Ag10=A35@Rp:e;-¢,=¢-e;=¢, 1=<i=<3,

Ay =A36@Rp:ei ey =ej,ex-e5 = e,

Asin=A37@Rp:e;-e1 =ej,e1-er=er-e1 =e,e2-07 = —ey,
Agi3=A33DRp:er-e1 =ey,

A1 =A30@BRp:e;-e,=e¢-e1=¢, 1=<i=<2,
Ag1s5=A310DRo:e1-e1=e1,e2 €3 =e3,

Ag16=A21 D Ars:.e1-ep=e,er-e=e,€3 €3 = ey,

Ag11 =A@ Ars:er e, =e-ep=¢,e3-e3=e4, 1=i=<2,

A3 =A3 D Ars5:e1-¢,=¢;-ep=¢,e-e=—¢[, e3-e3=¢4, |1 <i=<2,
Ag19=A31 ®R|:¢; -, =¢;, 1=<i=<4,
As=A34@PR | :e1-¢,=¢ -e1=¢;,e3-e3=er,e4-4=e4, 1=i=<3,
Agp1 = A3sOR ey e, =e;-e1 =¢,e4-e4=e4, 1=i=3

Ay =A311 OR:e1-e1=er,e3-e3 =e3,e4-4 = ey,

D
Il



Asnn=A30®R | e e =er,e3- €3
Asos = A3 4B R te) e =ep,e1- 0

Ay s
Ay 26
1<
Ay
1<
Ay 8
1<
A0
€3, €3

Agz0:

Ay 31

Ay

Ay

Agzq:

Ay 3s

Asze:

Ay 37
Ay g

Agzo:
A0 :

A m
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= —ey, €404 =ey,
=ey-e) =e3,e4- 4=,

=A@ Ay1:e1-e,=¢ -e1=¢;,e3-e3=e3,e4-e4=¢e4, 1=<i=<2,

=A3D A1 €16 =¢ e =e¢, e = —€1,€3-€3 = €3,€4 €4 = €4,
i <2,

=A@ Arp i€ =€ e = ¢,€3 € = €3,€3 €4 = €463 = €4,
i <2,

= A2®Ar3:e10e; =¢ire] =¢j,e3-€3 = €3,€3:4 = €4-€3 = €4, e4-4 = —€3,
i <2,

= A3 Axz ie-ep =e,e1 e =ey-e =e,6 -6 = —€,€3-€3 =
T€4 = €4 €3 = 04,64 €64 = —€3,

€1 €] =€2,€63:€3 =¢€3,€64" €4 = €,

L€l -€el =€) €3-€63 =€2,€4" 64 = —€,

€1 €] =€2,€63°€3 =6€4,€3€4 =64 €63 =86,

1€ €4 =€4-€)=¢€1,€3°€63 =2¢€],€03 €4 =€4°€3 =€),€4 €4 =¢€3,

€] €] =e,63 €63 =¢e,

tep-ep =e,e3-e3 = —e,

€] -€] =¢€3,€] €3 =2¢€3 €] = €4,€e3" €63 = —€,

tep-ep =ep,e3- €63 = ¢y,

iep-ep =e,e) 63 =¢€3-€] = €4,

e -ep=e¢e,e e =e¢e-e =e3,

e - e = ey,

:e,--ej=0, i,j=1,2,3,4.

If A is complete,then A is isomorphic to As;,i =30, ...,41.

4. DERIVATION ALGEBRAS

As we mentioned in the introduction, a left-symmetric algebra A with associated Lie
algebra G is called a derivation algebra if it obeys identity (3), or equivalently, if left and
right multiplications L, and R, are derivations of G. This is also equivalent to say that
R, o R, =Ly, forallx,y € A. In the particular case when L, and R, are inner derivations,
we say that A is an inner derivation algebra (see [11]).

It turns out that the Lie group of a derivation (resp. inner derivation) algebra admits a
left-invariant affine connection adapted to its automorphism (resp. interior automorphism)

structure.

If A is an inner derivation algebra, then it is easy to verify that the left-symmetric product

is given by

x-y=adsny=1[fx),y], forallx,y € A,

where f is an endomorphism of the vector space A satisfying the conditions:

Lo [x, yI=1f (), yI +[x, f ()],
2. f(x,yD = [f (), f(D] € Z(9).

Example 9. Every commutative associative algebra is a derivation algebra, which is inner if
and only if it is trivial (that is, with zero product).
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Example 10. Let G be a two-step nilpotent Lie algebra. Then, the product

1
x-y:i[x,y], forallx,y € G,

defines an inner derivation structure on G compatible with the Lie structure of G.

Remark 11. It turns out that a Lie algebra G which is a semi-direct product of two abelian
Lie algebras admits an inner derivation structure that is compatible with the Lie structure of G
(see [11]). This implies that every solvable Lie algebra of dimension < 3 admits a derivation
structure. This is not true in dimension 4. The counterexample given in [11] is a three-step
solvable Lie algebra of dimension 4 which does not admit any derivation structure.

In [11], it was shown that every two-step solvable Lie algebra with trivial center admits a
derivation structure. For example, let G be the Lie algebra with basis {eg, €1, e, . .. .e,} for
which the Lie brackets are defined by [eq, ¢;] = A;e;, i > 1, where A; are pairwise distinct
with &; € R ~ {0}. This is a two-step solvable with trivial center, and it was shown in [11]
that the product given by

n
ey ey = Zakek, o €R, andey-e¢; = Aje; foralli > 1,
k=1
defines a derivation structure on G compatible with the Lie structure.

We consider here the set & of Lie algebras G with the following property: For any elements
x,y in G the bracket [x, y] is a linear combination of x and y. It is shown in [12] that this
condition is equivalent to the existence of a codimension one abelian ideal £ of G and an
element ¢y € G\ E such that [eg, x] = x forall x € E.Itis clear that G is a two-step solvable
Lie algebra with trivial center, and it is also clear that there exists a basis {eg, ey, €2, . .. .e,},
of G for which the Lie brackets are defined by [eq, ;] = ¢;, for all i > 1.

Proposition 12. Let G belongs to &, and let {eq, ey, ea, .. ..e,} be a basis of G such that
leo, ei1 = e;, for all i > 1. Then, any derivation structure on G compatible with the Lie
structure is isomorphic to one of the following derivation structures:

1. eo-e; =e¢;, foralli > 1,
n n
2. e ei=¢ + Zk:l,k;ﬁ[“kek’ e ey = Zk:l,k;éiakek~

In [11], it has been announced that the Lie algebra associated to a derivation algebra is
necessarily solvable. Afterwards, we give a proof for this result. For, we need first to state the
following result (see [11]). Recall here that given a left-symmetric algebra A, we consider
the set

TA={xeA:x-y=0, forally € A}.

Since T (A) is both a right ideal of A and a Lie ideal of the associated Lie algebra G4, it
follows that T (A) is a two-sided ideal of A.

Theorem 13. A derivation algebra A over a field F has a unique decomposition as a direct
sum of two-sided ideals Ay and A, where A is a complete algebra containing the derived
ideal D (A) = [A, A] and A, is commutative with identity and contained in the center of A.
Moreover, we have that T (A) C Ao, with T (A) = 0 if and only if Ag = 0.
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We also need the following definitions and lemmas. Recall that an ideal of a Lie algebra
G is characteristic if it is invariant under every derivation of G. Let A be a derivation algebra
with associated Lie algebra G. Let I be an ideal of A and let Z be the Lie subalgebra of G
associated to 7. If Z is a characteristic ideal of G associated to A, then all the left and right
multiplications L, and R, of A are derivations that leave the ideal Z invariant. Hence, 7 is a
two-sided ideal of A.

Lemma 14. If A is a left-symmetric algebra and 1 is a left (or right) ideal of A such that
the derived ideal D (A) = [A, A] is contained in I, then I is a two-sided ideal and A/I is
commutative.

Proof. Assume, without loss of generality, that [ is a left ideal of A. Leta € Aandx € I.
Then a - x and [a,x] € I.Since x -a = a - x — [a, x], we deduce that x - a € I, thatis [
is a two-sided ideal. Now, remark that forallx = (x + ) andy = (y + I) € A/I, we have
X y]l=Ux,y1+1) = 0. That is, A/I is commutative. W

Given a left-symmetric algebra A over a field I, one defines the radical R (A) of A to be
the largest left ideal contained in the subset

I(A)={aeA:tr(R,) =0}.

It turns out that R (A) is nothing but the largest complete left ideal of A. This has been
proved in [8] for the case F = C, and in [4] for F = R.

In general, the radical of an arbitrary left-symmetric algebra is not a two-sided ideal
(cf. [8]). For derivation algebras, we have the following result.

Lemma 15. If A is a derivation algebra, then its radical R(A) is a two-sided ideal. In
particular, A is an extension of a commutative associative algebra by a complete derivation
algebra.

Proof. Let A be a derivation algebra. By Theorem 13, A has a unique decomposition as a
direct sum of two ideals

AZAOGBA*a

where A is a complete algebra containing the derived ideal D (A) = [A, A], and A, is
an algebra with identity and contained in the center Z (A) of A. Since D (A) is contained
in Ay = Ngea ker (RZ) then R, is nilpotent for all @ € D (A), that is, trR, = 0 for all
a € D(A), and hence D (A) C I(A). On the other hand, since D (A) is a characteristic ideal
of a derivation algebra A, then it is a two-sided ideal. Hence D (A) C R (A), as R (A) is the
largest left ideal of A contained in 1(A). Now, using Lemma 14, we conclude that R (A) is a
two-sided ideal. M

We are now in position to prove the result announced above.

Proposition 16. Let A be a derivation algebra. Then, the Lie algebra G associated to A is
solvable.

Proof. Let A be a derivation algebra, and let G be its associated Lie algebra. Since the
radical R (A) of A is a complete left-symmetric algebra, it follows by [1] that the Lie algebra
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‘H associated to R (A) is solvable. On the other hand, the Lie algebra associated to A/R (A)
is abelian by Lemmas 14 and 15. It follows that G is solvable. H

Remark 17. It is easy to show that the Lie algebra associated to an inner derivation algebra
is two-step solvable. Moreover, all examples of derivation algebras we know turn out to have
their associated Lie algebras two-step solvable. In fact, at the end of this paper, we will deduce
from the classification of derivation algebras of dimension 4 that the Lie algebra associated
to a derivation algebra of dimension 4 is necessarily two-step solvable. Furthermore, up to
dimension 6, we could not find any derivation structure on a solvable Lie algebra with order
of solvability greater than two, and consequently the question as to whether the Lie algebra
associated to a derivation algebra is two-step solvable is still an open question.

About Theorem 13, we can deduce from this result the following remarkable consequence.

Corollary 18. Let A be a derivation algebra that is non-commutative or complete. Then,
T (A) is nontrivial. In particular A is not simple.

Proof. By Theorem 13, T (A) = 0 if and only Ag = O if and only if A = A,, and hence A
is commutative and incomplete. W

In fact, simple derivations algebras over R are well known (see [0]) .
Proposition 19. A simple derivation algebra over R is isomorphic to either A>3 : e) - €] =
el,e1-ey=ey-e = e, e ey = —e; orthe field R.

In [11] (see also [6]) it was shown that for a derivation algebra A, the center Z (A) of A is
a two-sided ideal of A which coincides with the center of the associated Lie algebra of A. In
this setting, we have the following immediate consequence of Theorem 13.

Corollary 20. Let A be a derivation algebra whose associated Lie algebra G is solvable
with trivial center. Then, A is complete.

Two other immediate but important consequences of Theorem 13 are the following
Propositions. Recall here that a Lie algebra G is said to be nonsingular k-step nilpotent
whenever the kth element C*~'G of lower central series of G coincides with Z (G).

Proposition 21. Let A be a derivation algebra with associated Lie algebra G. If the center
Z(G) of G is contained in its derived ideal DG. Then, A is complete.

Proof. By Theorem 13, we have A, C Z (A) € Ap, which implies that A, = {0} and hence
A = Ay, thatis A is complete. W

Proposition 22. Let A be a derivation algebra whose associated Lie algebra G is

nonsingular k-step nilpotent. Then, A is complete.

Proof. In virtue of Theorem 13 and the fact that G is nonsingular k-step nilpotent, we have
ALC 29 =C"1G=2(G) NIA, Al S [A, A] C Ao,

from which we deduce that A, = {0} and hence A = Ay, that is A is complete. W
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Corollary 23. Let A be a derivation algebra whose associated Lie algebra is the Heisenberg
algebra Hy, 1. Then, A is complete.

4.1. Relationships of derivation algebras with other special left-symmetric algebras

A left-symmetric algebra A is a Novikov algebra if it satisfies the identity

(x-y)-z=(x-2)-y, forallx,y, z € A. (7)
In terms of left and right multiplications, (7) is equivalent to the formula
[Ry, Ry] =0, forallx,y e A.

In [6], the first author has studied a remarkable class of left-symmetric algebras. Namely,
the class of left-symmetric algebras A satisfying the identity

x-y)-z=@-x)-z, forallx,y,z€ A, )
or equivalently
[Ly,Ly] =0, forallx,y € A.

It is clear that every commutative associative algebra is Novikov and satisfying (8).
Although identities (3), (7), and (8) are pairwise independent, the following remarkable fact
was proved in [6].

Proposition 24. If a left-symmetric algebra A satisfies any two of the conditions (3), (7), (8),
then A also satisfies the third condition.

4.2. Derivation algebras of dimension < 3

In this subsection, we will classify derivation algebras over R of dimension < 3. The
classification of commutative associative derivation algebras over R of dimension < 3 was
given in Section 3 (see Lemmas 5 and 6).

We know that the Lie algebra aff (R) of the affine group of the real line is the unique non-
abelian solvable Lie algebra of dimension 2. It has a basis {e], e,} satisfying [e], e2] = e>.
The non-abelian Lie algebras over R of dimension 3 are also well known [12]. They are:

Hs : e, e2] = e3,

EQ2):[e1, e2] = e3, [e1, e3] = —ea,

E, 1) : e, e2] = e, [e1, €3] = —e3,

Gs.1 = Rxaff (R) : [e1, e2] = e2,

G322t le1, e2] = e2, [e1, €3] = e3,

Gis:ler, 2l = e + €3, [e1, e3] = e3,

Gyyiler, el = ey, [er, €3] = pes, 0 < u| < 1,

g§,5 et e2]l = ex +Ces, [er, 3] = —ex +e3,8 > 0.

Note here that the center of each of the Lie algebras aff (R), £ (2), £ (1, 1), G32, G33,
gg‘ 4 and ggys is trivial. It follows by Corollary 20 that any derivation structure on any of these
Lie algebras is complete. Also, Corollary 23 implies that any derivation structure on Hj is
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complete. Thus, from the classification list of complete left-symmetric structures on solvable
Lie algebras over R of dimension < 3 given in [7], we obtain the following classification
results.

Proposition 25. Up to a left-symmetric algebra isomorphism, there exists one and only one
derivation structure on af f (R). It is given by the relation e| - e; = e,, and the corresponding
derivation algebra will be denoted by N,.

Remark 26. We can easily verify that N, is inner and satisfies (8) (hence, Novikov).

Proposition 27. Let A be a complete non-commutative derivation algebra of dimension 3
over R. Then, A is isomorphic to one of the following left-symmetric algebras:

Hsji:ej-e =pes, e -ey=e3e,-e=c¢e3 peR,
Hip:ej-ep=exe-ep=mez,e;-ep=(m—1)e3, m eR,

) 1 1

Hy3:e1-e3=5e3,e -1 = —5e3,
2 2
Lo:ei-ex=ep,e1-e3=—e3,
J30:€e1-e3=e3,¢€ -3 =—e,

N3 :ep-e=e,

N3 1:e1-ep =e3,e - =e,

Bsp:e1-ex=e, e -e3=ue3,
By1:e1-ex=er+e3,er-€1 =e3,¢1 €3 = e,
Ci1:e1-ex=e+e3,e -3 =e3,
C3qr261-ez=eg+l‘€3,€1'6‘3:6‘3,62'612(1—1)63, l‘#l,
D31 (n):ei-ex=ey e -e3=pes, 0<|ul <1,
E;1(8):e1-ex=er+ ez, e1-e3=—Cer+e3, >0

Remark 28. In Proposition 27, we note that:

1. The left-symmetric algebras Hs 1, H3,2, H3,3, [370 J3.0, N30, N3,1, B3’0, C3,1, D3,1 (w)
and E3 | (¢) satisfy identity (8), and hence all of them are Novikov.

2. The algebras H3.], H3,3, 13,0 J3yo, N3’0, B3’(), C3,1a D3,1 ([1,) and E3,| (C) are inner
derivation.

Now, to complete the classification of derivation structures on solvable Lie algebras over
R of dimension < 3, it remains to find all the incomplete derivation structures on the Lie
algebra Gs ;. In fact, there exists one and only one incomplete derivation structure on Gj i,
given in the following result which is an application of Theorem 13.

Theorem 29. Let A be an incomplete non-commutative derivation algebra over R of
dimension 3. Then, A is the direct sum A = R; @ N,, where R is the field and N, =

(e1,er:e1 e =e)

Proof. Let A be a derivation algebra. Then, by Theorem 13, A has a unique decomposition
as a direct sum of two ideals A and A, where Ay is a complete algebra containing the derived
ideal [A, A] and A, is an algebra with identity and contained in the center Z (A) of A.

If dim A, = 1, then A, is the field R, and A is a non-commutative complete derivation
algebra of dimension 2, that is, Ay = N,.
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If dim A, = 2, then Ay is the trivial algebra R. Since, A, is commutative, then so is A, a
contradiction. W

Remark 30. In view of Theorem 29, there is a basis {ej, e2, e3} of the Lie algebra G; | in
which the incomplete derivation structure on G ; is defined by the following multiplication
table

€] e =€, €363 = e3.
This structure is not inner as it is incomplete. However, it satisfies (8) and thus Novikov.

We close this section by the following corollaries which give the classification of
derivation algebras of dimension < 3.

Corollary 31. Any two-dimensional derivation algebra over R is isomorphic to one of the
algebras given in Lemma 5 or Proposition 25.

Corollary 32. Any three-dimensional derivation algebra over R is isomorphic to one of the
algebras given in Lemma 6, Proposition 27, or Theorem 29.

5. DERIVATION ALGEBRAS OF DIMENSION 4

The aim of this section is to classify derivation algebras over R of dimension 4. For,
let A be a derivation algebra over R of dimension 4 whose associated Lie algebra is G. If
G is abelian, then the derivation structures on G are just given by commutative associative
algebras of dimension 4 given in Proposition 8. So, it remains to classify all derivation
algebras on non-abelian Lie algebras of dimension 4. Toward this, we start with the following
result which gives the classification of all incomplete non-commutative derivation algebras
of dimension 4.

Theorem 33. Let A be an incomplete non-commutative derivation algebra over R of
dimension 4. Then, A is either a direct sum of the form A = Ry @ Aj, where R is the
field and As is a complete non-commutative derivation algebra of dimension 3, or A is a
direct sum of the form A = Ay @ N,, where A, is an incomplete commutative algebra of
dimension 2 and N, = (e1, e; : e; - ey = e2).

Proof. Let A be an incomplete non-commutative derivation algebra of dimension 4. Then
A= Ay D A, where Ay and A, are the two-sided ideals in Theorem 13. Assume first that
dim A, = 1. Then, in this case, A = R; & A3, where R; is the field and A3 is a complete
non-commutative derivation algebra of dimension 3.

If dimA, = 2, then A, is isomorphic to Ay;,1 < i < 4, where A,; is one of
the commutative algebras of dimension 2 given in Lemma 5. In this case, since Ay is a
complete non-commutative derivation algebra of dimension 2, we must have Ag = N,. Thus,
A= Ay, & N, forsomei € {1,...,4}.

If dim A, = 3, then A is the trivial algebra Ry. Since A, is commutative, it follows that
A is commutative, which is a contradiction. H

In light of Theorem 33, we have the following result.

Proposition 34. Let A be an incomplete non-commutative derivation algebra over R of
dimension 4. Then, A is isomorphic to one of the following left-symmetric algebras:
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Ri@® Hzi:e1-ep=pes,ei-ex=e3er-ey=e3,e4-e4=e4,p €R,
Ri® Hzp:ei-e1=ep,e1-ep=me3,er-e1 =(m—1)esz, es-e4 =e4, m R,

. _ 1 _ 1 _
Ry @ H3z:e1-e2=3€3,e2-€1 = —5€3,€4 €4 = ey,
Ri@ Lo e -ey=e e -e3=—e3,e4-4=ey,
Ri®Jz0:e1-ex=e3,e1-e3=—ep,e4-e4=ey,

Ri®N3og=A24 D Nyr:ej-ey=ep,e4-e4=ey,

Ri @ Nzji:ei-ep =e3,e1-e=er,e4-4=ey,

Ri @ Bsp:ei-ex;=ep, e -e3=e3,e4-e4 =ey,
Ri@Bsi:e1-ex=er+ez,er-ep=e3,e1-e3=e3,e4 €4 =64,
Ri®Csi:e1-ep=er+ez, e -e3=e3,e4-e4=ey,
Ri®Cs,:e1-ep=ey+tes,e1-e3=e3,ep-¢, = —1)e3,ea-ea=eq, t #1,
Ry @ D3 () :ej-ex=ep,e1-e3=pe3, ez -e4=e4 0<|ul <1,
Ri@Es;1(§):e1-ex=e+lesz,ep-e3=—Cer+ez,eq-e4=e4, >0,
A1 @D Ny:ej-ep =ej,er-er=e,e3-e4=ey,

Ao @ Ny:ej-ep =ej,e1-ex=er-e1 =ep,e3-e4 = ey,
Ar3 @ Ny:ej-eg=ej,ej-ex=e€r-€ =e3,€-€ = —€],€3 €4 = é4.

Remark 35. We note that, except for the algebras R; @ Bz and R; & Cs,, each of the
derivation algebras appearing in Proposition 34 satisfies identity (8) (hence, Novikov).

To complete our work, we need to study the case where A is a complete non-commutative
derivation algebra over R of dimension 4. Next, we will discuss the problem of extension of a
derivation algebra by another derivation algebra. Suppose that a vector space extension A of
a left-symmetric algebra A by another left-symmetric algebra E is given. We want to define
a derivation structure on A in terms of the left-symmetric structures given on A and E. In
other words, we want to define a derivation structure on A for which E becomes a two-sided
ideal in A such that A /E = A. Equivalently,

0> E—>A—>A->0

becomes a short exact sequence of left-symmetric algebras. The product

(x,a) - (y,b) = (x-y,a-b+xr (b)+py (@) +g(x,), )

defines a derivation structure on A = A x E if and only if the conditions 1-5 in Theorem 1
are satisfied and

((xva) : (y7b)) : (Z,C) = ((Zv C) : (yvb)) . (-xva)7

forall x,y,z€ Aanda,b,c € E.
By a direct computation we get the following result.

Proposition 36. The product (9) defines a derivation structure on A if and only if A and E
are derivation algebras, the conditions 1-5 in Theorem 1 are satisfied, and in addition the
following conditions hold for all x,y,z € Aand a,b,c € E:

1. pr(a) = Ra O Py,

2. pyoL, =R, 0y,

3. pxody =py0Ay,

4. [Ax, Ay] + py o px — )\x-y = Lg(Xy)’)’

5.8 -y,2) =gy, x)—pe (2, ) — p: (g (x,¥) =0.
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As a special case, we assume that the left-symmetric structure on A is commutative. In
this case, we have the following result.

Corollary 37. Suppose that the left-symmetric structure on A is commutative. Then, (9)
defines a derivation structure on A if and only if the following conditions hold:

Ax (a- b) =M(@)-b+a- )\x(b) - px(a) - b,

px ([a, b)) = a - px(b) = b - px(a),

[Ax, on]+ Py © Px — Pxy = Rg(x;y),

pr(u) = Ra O POx,

prLa = R, 0,

Px O hy = py oAy,

Px © Py — )\_v-x = Lg(x,y),

g(x,y-2) =gy, x-2) +A: (g (¥, 2)) =4y (8(x,2)) —p-(g(x,y) —g(y:x)) =0,
g§(x-y,2) =gz y;x) —px (82, ¥) — pz (g (x, ) =0.

—_—

R A

5.1. The classification

The classification of all complete non-commutative derivation algebras of dimension 4 is
not difficult to accomplish. It can be achieved using the extensions of left-symmetric algebras,
but the list will be very large. For this reason, we will restrict here to the complete non-
commutative derivation algebras of dimension 4 that are obtained as follows. Let A be a
complete non-commutative derivation algebra of dimension 4. Lemma 15 and Proposition 4
show that A can be obtained as an extension of a complete commutative associative algebra
J by a complete derivation algebra /. We will assume here that J is not trivial (that is,
dim J > 1). Therefore, we get a short exact sequence of left-symmetric algebras:

0154570 (10)

Since A is supposed to be non-commutative, we have dimJ = 1, 2, or 3. Therefore,
according to the dimension of J or, equivalently, the dimension of 7, we have three cases to
consider.

Case 1.dim/ = 1.

In this case, I is isomorphic to the trivial algebra Ry, and the Lie algebra associated to J
is isomorphic to R3. Then, J is one of the algebras A;;, 11 <i < 15, where the A3 ; are the
real three-dimensional complete commutative algebras given in Lemma 6.

The extended left-symmetric product on A = As; @ Ry given by (9) turns out to take the
simplified form

(xva)'(y’b):(x'yvb}"x+apy+g(xry))v (11)

forall x,y € A3; and a, b € R. Here A, p, € End (I) = R, so we can identify A, and p,
with real numbers that we denote by A, and p, as well.
The conditions in Corollary 37 can be simplified to the following conditions

Px.y = Py © Px; (12)

Ay = Py, (13)
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Px O Ay = Py 0 Ay,
gx,y-2)—g(x-2)+r (g(y,2) — A, (g(x,2)) —p; (g(x,¥) — g (y;x)) =0,

g(x-y,2) —g (@ y;x) —px(8(2,y) — p: (g (x, ) =0. (14)
In the case where
J=As3 4= (e1,er,e3:¢e1-e1 =€, e1-er =er-e] =e3),

we find, by substituting x = y = ¢;,i = 1,2, 3 into Egs. (12) and (13), that p,, = 0 and

Aoy = hey = 0.
In this case, the formula (5) and (6) become
Sth(x,y) = A (h(y)) —h(x-y), (15)
and
Sg(x,y,20) =8,y -2)—g(y,x-2) + 2 (g(y,2) — Ay (g (x,2)) . (16)

Using the formula (15) for §;, we get

ah| — h2 Clhz — ]’l3 ah3
0 0 0

where h; = h(e¢;),i = 1,2,3, and a = A,,. Similarly, using formula (14) and formula (16)
for 8,, we easily verify that if g is a cocycle (i.e. §,¢ = 0) and g;; = g (e;, ¢;), then

811 812 §22 — agri
g=181 &» 0 ,
gn 0 0

with agy = 0.
Assume first that a # 0. It follows that, in the basis above, the class [¢] € H} ) (A3,14, Ro)
of a cocycle g is identically zero.
In this case, we determine the extended derivation structure on A = Az 14 P Ry. By
setting ¢; = (e;, 0) fori = 1,2, 3 and ey = (0, 1), and using formula (11), we obtain
ey e = Ez
e - e 232-31 223
e -ey = aey,
and all other products are zero, where a # 0.
By setting e; = é?l, e = é?z, ez = %%, and e, = ¢4, we get a new basis {e1, e, €3, €4}
of A satisfying
ey e = e
€16 = ¢€r-€1 =¢63

€] -4 = €é4.

Note here that this derivation structure satisfies the identity (8).
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On the other hand, assume that @ = O, that is, the extension is central. Using the
classification in [9] of all four-dimensional complete left-symmetric algebras which are
central extensions of As 4 by Ry we find that the derivation structure on A = Az 14 PRy
will be given by the nonzero relations

€1 -€1 = €e2,6 e = ée3,
e|1-e) =ey4,€ €] =e3+ ey,
€] - €4 = €4 €] = e€3.

Note here that this derivation structure satisfies the identity (8) (hence, Novikov) but it is
not inner.

Using the same method as above, we can obtain all the derivation structures on A =
A3’l‘ @Ro, 11 <i < 15.

Case 2. dim I = 2.
In this case, the short exact sequence (10) becomes

0=>I—->A—->J—=0

where I is a complete derivation algebra whose associated Lie algebra is either R? or aff(RR)
and J is one of the algebras A, s or Ay ¢ given in Lemma 5.

We deduce from Lemma 5 and Proposition 25 that / is either Ay 5, Az ¢ or N». In the case
where

I =Ny, ={(ej,ep:e1-ey=e),

let ¢ : R? — Der (aff (R)) be a derivation of aff (R). In this case, we can easily see that
for any basis {es, e4} of J, and relative to a basis {e], e;} of aff(R) satisfying [e; - e2] = ey,
we have

s =({ ) maoe=(7 7).

where a, b, c,d € R.
Set

(a1 B _(n &
Pes = (Olz ,32> P P = (J/z 52) ’

relative to {e1, e;}. From Corollary 37, we deduce that p, ([a,b]) = 0 and p, (a) - b =
px (b) - ;zi foralla, b € I and x € J. Hence, we get that

(00 (00
Ps =\ o) P4 =\ 82)°

Since A,; = ¢ (&) + p.;, i = 3,4, we get that

(0 0N, (0 o0
ST\ ta po+b) T \ptedh+d)

Also, from Corollary 37, we deduce that
px (a - b) = )"x(b) -a,
and

Ax(a-b) =Ac(@)-b+a-r(b)— px(a)-b,
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foralla, b € I and x € J. This implies that 8, = §; = 0and o, +a = y, + ¢ = 0. Thus,

(00 (00
106’3_ azo 7pe4_ J/20
00 00

= (o2) = (00)

J=Ars={(e3,e4:e3-03=¢e4),

and

It

let g € L* (J, I). In this case g can be expressed as a (2 x 2) R?-valued matrix (2; iii) such
that 8ij = & (6,’, ej), l,] = 3, 4. Set

833 = aie; +azer
834 = biey + bres
843 = cre1 + e
8as = diey + dae.
From Corollary 37 we obtain that
g = (—del + (b — ) e V2b€2>
0 0
with apd = y»d = 0.
For a linear map h € L' (J, I) we get that
Sth (x,y) = py (h (x)) + 24, (R (¥)) .
In this case, 81/ can be expressed as a (2 x 2) R?-valued matrix of the form

51k = —hgrer + (axh3y + bhay — hap) ex (v2h3i + bhay) ez
(a2ha) +dhs3p) e (yoha1 +dhap) er )’

where h (ey) = hpiey + hppey for k = 3, 4. We deduce then that the class [g] € Hf,p J, 1)
of a cocycle g is identically zero.

We determine, in this case, the extended derivation algebra on A . By setting ¢; = (0, ¢;),
i=1,2and 'Ej = (ej, O), Jj = 3, 4 and using formula (9), we obtain

€16 = €
e ez = 0(222
€] g = Olzb’EZ

e3 - ey = bZQ

e3-e3 = ¢y
and all other products are zero. By setting e; = €1, e = ¢, e3 = €3 — aey and

ey = €4, — asxbe,, we see that the new basis {ey, 2, €3, e4} of A satisfies
€1 -6 = €

ez - e3 = €é4.
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Note here that this derivation structure is not inner but satisfies the identity (8) (hence,
Novikov).

Using the same method as above, we can obtain all the derivation structures on A =
Ay P 1,i =5,6, where [ is either Ay 5, Ay Or Ny.

Case 3. dim I = 3.
In this case, the short exact sequence (10) becomes

0—->1—>A—>Ry—0,

where [ is a complete derivation algebra whose associated Lie algebra is solvable of
dimension 3.

Let 0 : Ry — A be a section and set o (1) = x, € A. Define two linear maps
A, p € End(I) by putting A (y) = x, -y and p(y) = y - x,, and set e = x, - x,. Let
g : RyxRRy — I be the bilinear map defined by g (a, b) = o (a) - o (b) — o (a - b). Since the
product on Ry is trivial, then g (a, b) = abe, or equivalently g (1, 1) = e. Also, we can show
that 8¢ = 0,i.e., g € Z} , (Ro, ).

In this case, we find that the extended left-symmetric product on A = Ry &P I given by
(9) takes the simplified form

(a,x)-(b,y)=(0,x-y+ak(y)+bp (x)+ abe), (17)

foralla,b e Randx,y € I.
The conditions in Corollary 37 can be simplified to the following conditions

Ax-y)=r(x)-y+x-A()—px)-y (18)
px,yD=x-p()—y-px)=0 19)
[h, o1+ p* = Re (20)
p(x)-y—p(() - x=0 (21)
px-y)=A(y) - x (22)
p* = L. (23)

As we mentioned above, [ is a complete derivation algebra whose associated Lie algebra
is solvable of dimension 3. More precisely, [ is some A3 ; as in Lemma 6 with 11 <i < 15,
or it is one of the complete derivation algebras given in Proposition 27. To obtain all four-
dimensional complete derivation algebras A appearing as extensions of /, we should consider
all possibilities for /. We will present here only one case, and the other cases can be treated
similarly. Therefore, without loss of generality, we will assume that

I =Jz0=(e1,er,e3:€1-€3=e3, e-e3=—e2).

In this case, I is a complete derivation algebra whose associated Lie algebra is & (2).
Letting ¢ : R — Der (£ (2)), it is easy to see that, relative to a basis {e, 3, e3} of £ (2),
¢ (1) can be represented by

00 0
¢(l)=|ca—-b],
db a

where a, b, c,d € R.
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Setting
ar B n
p=|w B r|,
as B3 3

relative to {ej, e3, e3}, and applying formulas (19) and (21) to e; and e;, we get o) = y; =
0, » = —Bs, and y3 = B,. Formula (19) when applied to e; and e also gives 8; = 0. Since
¢ (1) = L — p, we deduce that, relative to the same basis above, we have

0 0 0
A=lar+c Bota—Bs—b
as+d Bs+b Br+a

Applying formula (18) to the product e; - e;, we get oz + ¢ = a3 +d = 0. Formula (22)
when applied to e; and e; gives 8, = B3 = 0. Thus

0 00 00 0
p=|-c00])andr=|0a —b
—-d 00 0b a

Now, since e € I, we set ¢ = se; + te, + ues for some s, ¢, u € R. Formula (20) when
applied to ey, gives that t = — (ad — bc) and u = ac — bd. Since p> = 0, we deduce from
formula (23) that s = 0. Therefore, we get e = — (ad — bc) e, + (ac — bd.) e;.

Now, let us write down the structure of A. From the above discussion we get

el X, = —cey; —des

Xo - €y = aey + bes

X, -e3 = —ber + aes

X0+ Xo = — (ad — bc) ey 4+ (ac — bd.) e3.

Therefore, relative to a basis {eq, e>, e3, e4} of A with ey, = x, — be; + de, — ces, the
left-symmetric product on A is given as follows

€€ =e€3, €] 63=—€)

€4 €6y = aep, e4-e3 =daes.
If a = 0, we find that the nonzero relations in A are
€1 e =¢e€3,€e1 63 = —e).

Note here that this derivation structure is inner and satisfies the identity (8) (hence, A is
Novikov).

If a # 0, then by setting &; = ¢;,i = 1,2,3 and e5 = §e4, we see that the new basis
{e1, e, e3, e4} of A satisfies

~

€] € =¢€3,€] 3= —€
€4 €y = €p,6€4 - €3 = €3.

This is also an inner derivation structure which satisfies the identity (8) (hence, A is
Novikov).
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We can now state the main result of this section.

Theorem 38. Let A be a complete non-commutative derivation algebra over R of
dimension 4 that can be obtained as an extension of a non-trivial complete commutative
associative algebra by a non-trivial complete derivation algebra. Then, A is isomorphic to

one of the following algebras

Ny e
Nyp i e
Nyjz e
N4 : e
Nys : e
Nug : ey
Ny7 e
Nug : e
Ny : e
Ny o : e
Ny e
Ny 12 e
Ny 13 e
Ny 14 : €
Nyis:eq
Ny 6 : €1
Ny7:er
Hy e
Hys e
Hyz e
Hyy e
Hys : e
Hyg : e
Hy7: e
Hyg e
Hyg : e
Hy o : ey
Hyq e
Hypo:eq
Hyp3:eq
Hy 4t e
Hy s 0 el
Hy 6 ey
Hyiq:e
Hy s :eq
Hy 9@ eq
Hj o : e
Hyop:e
Hy e
Hyps : ey

ey =
o) =
ey =
ey =
ey =
e

e
e
e
e
e
el
e
e
e
e
-e
e
e
e
e
el
e
e
e
el
-y
-y
ey
-
-
e
.y
e
e
e
- e
e
.|
ey

€2,

€4, €]
€2, €]
€2, €]
€3, €]
€3, €]
€3, €]
€4, €1
€4, €1

= €, €]
= &4, €]
= €4, €]
=€, €3
= €2, €]

teg, e ey =ey+ez,er-ep =e3, e -e4=e4-e =e3,t#0,

e
eq
. eq
e
e
e
e
e
-eq
e
e
e
- e3

e3,e4-e4=1te3, 1 #0,

63,

€,
€4 - €1 = e3,
e4~e1=e3,e4~e4=te3,t7£0,
62,64'8422‘63,1‘#0,
ey, e1-e4 =eq- € = €3,
€3,€1 €4 =¢€4 €61 =
€3,€] €4 =64 € = e3,
ey,e1-e4=e4-€=¢€)+
=e4-e) =e +e3,
€2, €3 €3 = €4,
€2,€3 €63 = —¢€4,
= ey,

e3-e =aey,e3-e3=e4,a#0,
ertes,er-ep =e3,€e €4 =eq € =e3,

e, e e3=e3-e =2e4,€1-e4=e4-€ =e3,

€3, €3
€3, €]
€3, e

=é3,€6

es, e;
€4, €1
€4, €]
€4, €]
es, €]

= é€3,¢€]
= ée3,¢€]
= €4, €]
= €4, €]
= €3, €]
=é€3,€
=€, ¢
=é€3,€
=é3,6
= €3, €]
= €3, €]
=é€3,€6
= €, €]
=€,

cep = —es,

c€) =e€3,€6 € = —e3,
cey=e3,6-€] = —e3,€3 €4 =e4-€ = €3,
el = —e3, ey 4 =e4-€) = e3,

@) =e3,6) €1 = —e3,e)-e) =1e3, e, €4 =e3,
cey=e3,e -] = —e3,

t€) =¢€3,62-€] = —€3,€2"€6) = €4,

t€) =¢€3,€6 €] = —€3,€6 € = —€4,
-ep=e3+e4,6-€) = —e3+ ey,

-ep) =tesy,ep-e = —tey,ep-ep =e3,t >0,
-ep =tesy,ep-e) = —tez,ep-ey = —e3,t >0,
cea=((1+1es,en-e1=(1—1)e3,ep-ep = —ey,t >0,
cea=((1+1tes,en-e1=(1—1t)es, t >0,

-ep =e3,er- =tlez, eq-e4 = —e3,t >0,

c€) =€1,€4- €64 = €3,

ey = e3,

cepy=ej, e €4 =e4-€ = e3,

-ep =tey,ep-ep=ep,t #1,
'6’2:6’3,62-61=l‘€3,€4'€4=€3,l751,

cey =e3tteg,ep-e) = —e3—teq, e e = ey,
€] = €4,€6 -6 =¢€],

cey =e3,e- € =1le3,eq-€] = e3,

ce) = €3,€]-€) =¢€4,6)-€] =e3+ey4,e]-e4=2¢e4-€ =e3,
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Hipsiej-ep=—e3,e1-er=e3,e1-€ =e4,8-€ =e€],€1-€4=e4-€ =3,
Fyi:e1-e1 =e4,e1 -2 =e3,¢€1-e4 = e,
Fioiel-ep=es—er,e1-e3=e3,€ -e4=e+e3,e4 € = ez,
Fiyiel-ex=e3,er-ex=e4,e4-€2 =164 €4 = €3,

Fyq:e1-e) = —e3,ej-ep =e3,er-€] =ey4,e3-€) =€1,€-€4 =te3, e4-€3 =e€3,1 # 1,
Ii1:e1-ex=er,e -3 = —e3,

Iip:e1-e1=es,e1-0=er,e1 -3 = —e3,

Jy1 e e =e3,¢e -3 =—e,

Japie-ep =eq, €103 =e3,€ -3 =—e,

Bii:er-ex=e e -3 =e3,

Bip:er-ep=esz,e1-e2=e,e €3 =e3

Bi3:.e1-e1 =e4,e1-e0=er,€ €3 =e3,
Bigier-ex=ere1-e3=e3,€1 -4 =e4-€ =e3,

Bys:el e =eq,e1-e0=e3,e1-e3=¢e3,¢| €4 =e4-€ = e3,
Big:.e1-ex=er,e1-e3 =€+ e3,e3 € = e,
Bi7:e1-e1=e4,e1-e0=er,€1-e3=er+e3,e3-€ = e,
Big:el-e1=e3+eq,e1-e0=e3,¢1-e3=er+e3,e3-€ = e,
Big:e1-ex=ey,e1-e3=er+e3teq,e3-€ =er+ ey,
Biio:eirex=ertes,er-e1=e3,e1-€3=e3,€1 €4 =e4-€ =e3,

B4,11 e1-eg =teq,e1-er = er+e3,er-eg =e3,e1:63 =e€3,€01-64 =e4:6] =e3,1 750,
Bipier-ep =tex—e3teq,e1-e0=erte3,e-€ =e3,€1 03 =e3,
Cy1:e1-ex=ey,e1-e3=e+e3,
Cip:e1-ep=eg,e1-e0=e,e1-e3=e+e3,
C4’3161-82262,61-63:ez+€3+€4,83-81264,61-64:€4~61:t€2,
Cis:e-ex=eye-e3s=(@a+1)ey+e3,e3-ey =aey,a#0,
C475§€1'€1:—(a+1)€2+le3+64,€1'62=62,€1'63=(a+1)62+6‘3,e3~61 =

Dy :e1-ex=aeye-e3=¢3,0<]al <1,
Dysr:e-e1 =e4,e1 63 =aep, e -e3=¢3,0<]la|l <1,

Dy3:ej-el =eq,e1 - =aey,e;-e3=e3,e1-e1=e4-¢ =¢€,0<]al <1,
Dyyg:e-ery=uaey, e -e3=e3,e-es=es-e1=e€,0<lal<],N+C
Dys:ej-ey=aey, e -e3=e3,e-es=es- =€ +e30<]|a|l <1,
Dyg:e1-el =eq,e1 - =aey,e;-e3=e3,e1-e4=es-¢=e€+e3,0<|a|l <1,
E41 361-62282—[163,@1-83:a€2+€3,a>0,

E4,22€1~€1 =€4,€1'€2=€2—(l€3,€1-€3=a€2+€3,(l>0,
Gyi:e1-ex=e,e-e4 =e3,

Gur:el-e1=ey,e1-e3=e),e1-e4 =e3,
Gyz:el-ep=ey,e1-e4=(@a+1)e3,eq e =aes,a #0,

Gya:e1-ep =eq,e1-6p=er,e1-es=(a+1)es,es-e) =aesz,a #0,
Guys:e1-ex=e,e1-e4=ey+e3,e4-€ =ey,
Gig:e1-e1=es,e1-e3=er,e1-e4=ex+e3,e4-¢1 = e,
Gyr:e1-ep=ex,e1-es=ex+(a+1)es,es-e =ey+aes,a#0,
Gyg:ej-ep=es,e1-ex=er,e-ea=er+(a+1)es,es -1 =ey+aesz,a #0,
Guo:ej-erx=ex,e;-es=(a+1)es,es-eg =aes, eq-eq4 =tes, t >0,
G4,105€1 c@l = €3,€1 -€) =¢€p,€1 -€é4 = ae3, €4 e =(a+1)€3,€4-€4=l€3,
K41161-62262,61-e3=ae3,€1'€4=b€4,075a75],b;éo,
Kiptel-ey=er,e1-e3=e3,e1-es=e3+es,e4-€ =e3,
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Kyz:e-ex=e,e1-e3=aesz,e;-es=e3+aes, eq-e =e3,a#0,
Kys:e-ex=ey,e1-e3=ae3,e;-eqs =e3+ey+aes,eq-eg =ex+e3,0#a#1,
K4,5281 s €y = €7, €] ‘€3=€2+€3,€3‘€] = €, €] -642(164,0#61 #1,
Kig:ej-ex=ey,e1-e3 =ertes,e3-e) =ey,e1-e4 = er+aeyq,es-e) =er,0#a # 1
Lyi:ei-ex=e,e1-e3=er+e3,e-e=e3+ ey,
Lyp:e-ex=ey,e-e3=er+e3,e1-e4=aey+ez+es,es-€ =aey,a#0,
My :e -ep=er,e1-e3=ae3, e;-e4 =e3+aes,a #0,
Myr:e-ep=er,e)-e3=ae3,e;-es = (b+1)e3+aes,eq-e =bes,a,b#0,
Mysz:ej-ex=ep,e-e3=aes ej-es =er+(b+1)estaes, eq-€) = ey+bes,a # 0,
Mys:e-ep=er,e1-e3=er+esz,e3-ep =ey,e1-ea=(a+1)ery+eq,e4-€) = aey,
Ss1:e1-ep=aey, e;-e3 =bes —ey,e1-e4 =e3+bes,a >0,
Pyi:ej-ex=er,¢e1-e3=e3,e4 3=,

P4,2:el -e| =tez,e1 - =ep,e1-€3 =€3,64-€3 =¢€p,64-€4 =e3,1 >0,

P4,32€1 ©€) =€2,€] €3 =2¢€3,€] €4 =2¢€4" €] =€3,€64°€3 =2¢€2,€4"€64 =€,
Pig:e1-ep=ep,e1-e3 =e3,€1-€4 =e€4-€] =e€3,€4-€3 =€),64-€4 = €r+1€3,1 750,
Pis:e -ex=ey, e -e3=aey+ ez, e3-e) =aey,es-e3 =e,a #0,
Usji:e1-ex=ep,e4-e3 =e3,

Uspr:ei-ex=er,e4-e3=e3,e4 €4 =e3,

Zy1:e1-e=e3,€|-€3 = —€p,e4-€) = €),€4- €3 = e€3.

Remark 39. With the notation of Theorem 38, we notice that

1. All left—symmetric algebras N4‘,', H4,i’ B4,i: D4,i» G4q,’, P4q,', F4‘1, F4'2, 14'1, 14'2, J4‘1,
J12,Ca1, C4yz, E4,1, Eiz, Ka, L4’1, M4’1, Sa.1,Us1, Uspn and Z4’1 satisfy the identity
(8). Hence, they are all Novikov.

2. The algebras Nu 1, Ha 1, 141 Ja1, Ba, Ca1, Dy, Ean, Gajn, Kay, Loy, My, S,
Py 1, Us 1, Usp and Zy  are inner derivation.

Corollary 40. The associated Lie algebras of the left-symmetric algebras in Theorem 38 are:

N4’i . Rz X lef (R) N [61, 62] = é).

Hy;: R x Hs:[e, ex] =es.

Fu;:le1, e2] = e3, [e1, e4] = ea.

ILi; RxE&E(,1):[er,er] = ey, e, e3] = —es.

i TR Xx EQ):[er,e] =e3,[er,e3] = —en.

By :R x Gy :[er, e2] = ez, [er, e3] = e3.

Csi :RxG33:le,e]l = ey, [e, e3] = ey +es.

Dy R x Q3“’4 te1, e2] = aes, [e1,e3] = e3, 0 < |a] < 1.

NN R BN
=

9. Eq; : R x gggs t[e1, e2] = ex — aes, [e1, e3] = aey, + e3, a > 0.
10. Gy, : [e1, e2] = e2, [e1, e4] = e3.
11. K4 : [e1, e2] = ez, [e1, e3] = aes, [e1, es] = bes, ab # 0.
12. Ly : [e1, e2] = ea, [e1, e3] = ex + €3, [e, es] = e3 + e.
13. My : [e1, e2] = e2, [e1, e3] = aes, [e1, e4] = e3 +aey, a # 0.
14. Su; : [e1, ex] = aen, [e1, e3] = bez — ey, [e1, e4] = e3 + bes, a > 0.
15. Py : [er, e2] = ez, [e1, e3] = e3, [es, e3] = en.
16. Uy, s aff R) x aff (R) : [e1, e2] = e, [e4, €3] = e3.

—
~

. Zy e, e0] = e3, [e1, e3] = —e3, [e4, 2] = e, [es, €3] = e3.
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Summarizing we have shown the following main theorem.

Theorem 41. A four-dimensional derivation algebra over R is isomorphic either to an
algebra as given in Propositions 8, 34, or Theorem 38.

Remark 42. From Corollary 40, we find that every two-step solvable Lie algebra of
dimension 4 can admit a derivation structure and we deduce that three-step solvable Lie
algebras of dimension 4 do not admit any derivation structure compatible with the Lie
structure.

Furthermore, up to dimension 6, we could not find any derivation structure on solvable
nilpotent Lie algebras with order of solvability greater than two. In fact, we do not have any
example of a Lie algebra with order of solvability greater than two which admit a derivation
structure.
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