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Abstract 

Let ℤ𝑞  be a finite field with 𝑞 element and 𝑥𝑛 − 1 be a given cyclotomic polynomial. The number of 

cyclotomic cosets and cyclic codes has not been done in general. Although for different values of 𝑞 the 

polynomial 𝑥𝑛 − 1 has been characterised. This paper will determine the number of irreducible monic 

polynomials and cyclotomic cosets of 𝑥𝑛 − 1 over ℤ13  .The factorization of 𝑥𝑛 − 1 over ℤ13   into irreducible 

polynomials using cyclotomic cosets of 13 modulo 𝑛 will be established. The number of irreducible 

polynomials factors of  𝑥𝑛 − 1 over ℤ𝑞  is equal to the number of cyclotomic cosets of 𝑞 modulo 𝑛. Each monic 

divisor of  𝑥𝑛 − 1 is a generator polynomial of cyclic code in 𝐹𝑞𝑛 .  This paper will further show that the 

number of cyclic codes of length 𝑛 over a finite field 𝐹 is equal to the number of polynomials that divide  

𝑥𝑛 − 1. Finally, the number of cyclic codes of length  𝑛, when  𝑛 = 13𝑘, 𝑛 = 13𝑘 , 𝑛 = 13𝑘 − 1,  𝑘, 13 = 1 

are determine. 

1. Introduction 

The basic problem of coding theory is that of communication over unreliable channel that result in errors in 

the transmitted messages. It is worth noting that transmitted messages like data from a satellite are always 

subject to noise. It is important therefore, to be able to encode a message in such a way that if noise scramble 

it, it can be decoded to its original form. This is done by adding redundancy to the message so that the original 

form can be recovered if too many errors have not occurred. Sometimes where sensitive information is being 

transmitted the message is highly encoded and certain dummy parameters added to the message to avoid it 

correctly decoded in case it lands on wrong hands.   

In addition to these practical application, coding theory has many application in theory of computer science. 

As such it is a topic of interest to both practitioners and theoreticians. 
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1.1 Definitions 

Code: Let 𝐹 be a finite set with 𝑞 symbols, there are 𝑞𝑛   different sequences of length 𝑛.  Of these only 𝑞𝑘   are 

codewords since the 𝑟 check digits within any code word are completely determined by the 𝑘  message digits. 

The set consisting of𝑞𝑘   codewords of length 𝑛  is called a code. 

 

1.2 Cyclic code:  Let 𝐶 be a lnear code over a finite field 𝐺𝐹(𝑞) of block 𝑛, 𝐶 is called acyclic code, if for 

every codeword 𝑎0𝑎1𝑎2, … , 𝑎𝑛   from  𝐶,  the word 𝑎𝑛𝑎1𝑎2, … , 𝑎𝑛−1  in 𝐶 obtain by acyclic right shift of 

component is also a codeword. This also involves the left shift. Therefore a linear code 𝐶 is cyclic precisely 

when it is invariant under all cyclic shifts. 

the check polynomial of 𝐶.  

 

1.3 Cyclotomic cosets: Let 𝑛 be relatively to 𝑞. The cyclotomic cosets of 𝑞mod𝑛  is defined by 𝐶𝑖 =

{𝑖. 𝑞𝑗𝑚𝑜𝑑𝑛 ∈ 𝕫𝑛 ∶ 𝑗 = 0, 1, 2,...} 

 

1.4 Preliminary results 

A code 𝐶 is said to be cyclic if it is alinear code and it is invariant under any cyclic shift. In finding cyclic 

codes we factorise 𝑥𝑛 − 1  into irreducible polynomials and obtain all monic polynomials that divide 𝑥𝑛 −

1. Each such monic polynomial is a generator polynomial and generate a cyclic code. We wish to generate the 

number of cyclic code of length 𝑛 over 𝐺𝐹(13). 

 

2:  Main Results:  Factorization of  𝒙𝒏 − 𝟏 into irreducible polynomial over ℤ𝟏𝟑 

Let 𝑛 be a positive integer with 𝑞 and 𝑛 relatively prime. The number of irreducible polynomial factors of 

𝑥𝑛 − 1 over 𝐹𝑞  is equal to number of cyclotomic coset of 𝑞(𝑚𝑜𝑑𝑛)𝑛 and if  

𝑎) 𝑛 = 1  

𝑥 − 1 = 𝑥 + 12 is irreducible polynomial of degree 1 over ℤ13  

 𝑏) 𝑛 = 2:   𝑥2 − 1  C0={0}      C1={1} 

There are only two cyclotomic cosets of 13 𝑚𝑜𝑑2  over  ℤ13 . Therefore the number of   polynomial will only 

be two 

.𝑥2 − 1 =  𝑥 − 1  𝑥 + 1 =  𝑥 + 12  𝑥 + 1  over ℤ13  

𝑐) 𝑛 = 3 ∶  𝑥3 − 1  

We need to find the number of cyclotomic cosets 13(𝑚𝑜𝑑3) 

.𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑3: , 𝑗 = 0,1,2, . .   C0= {0}    C1= {1}     C2={2} 

Therefore, there are 3 irreducible linear factors that divide  𝑥3 − 1 over ℤ13  i.e   

.𝑥3 − 1 =  𝑥 + 12  𝑥2 + 𝑥 + 40 =  𝑥 + 12  𝑥 + 10 (𝑥 + 4  )                                            
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𝑑)   𝑛 = 4 ∶ 𝑥4 − 1                                   

We need to factorize 𝑥4 − 1 over   ℤ13    𝐶𝑖 =  𝑖. 𝑞𝑗𝑚𝑜𝑑4: 𝑗 = 0,1,2, …  : 

C0={0}   C1={1}    C2={2}   C3={3} 

Therefore 𝑥4 − 1 can be factorized into 4 irreducible linear factors all of degree 1 over ℤ13        𝑖. 𝑒 𝑥4 − 1 =

 𝑥2 − 1  𝑥2 + 1 =  𝑥 − 1  𝑥 + 1  𝑥2 + 1 =  𝑥 + 12  𝑥 + 1  𝑥2 + 1 =  𝑥 + 12  𝑥 + 1  𝑥 + 8 (𝑥 +

5) 

𝑒) 𝑛 = 5 ∶   𝑥5 − 1  

We factorize 𝑥5 − 1 over ℤ13  𝐶𝑖 =  𝑖. 𝑞𝑗𝑚𝑜𝑑5 ∶ 𝑗 = 0,1,2, … .   C0= {0}      C1= {1,2,4 ,3} 

𝑥5 − 1 can be factorized into 

𝑥5 − 1 =  𝑥 − 1  𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1 =  𝑥 + 12 (𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1)  

𝑓) 𝑛 = 6:  Factorize  𝑥6 − 1  over  ℤ13  

𝑥6 − 1 =  𝑥3 − 1  𝑥3 + 1 =  𝑥 − 1  𝑥2 + 𝑥 + 1  𝑥3 + 1   

   =  𝑥 − 1  𝑥 + 4  𝑥 + 10  𝑥3 + 1 =  𝑥 − 1  𝑥 + 4  𝑥 + 10  𝑥2 + 7𝑥 + 12                          

=     𝑥 + 12  𝑥 + 9  𝑥 + 10  𝑥 + 4  𝑥 + 3 (𝑥 + 1) 

Therefore  𝑥6 − 1  can be factorized into 6 monic irreducible polynomials over  ℤ13  .all linear factors. 

On the other hand the number of cyclotomic cosets 13(𝑚𝑜𝑑6) are 

 C0= {0}    C1= (1)    C= (2)     C3=(3)    C4=(4)      C5=(5) 

𝑔) 𝑛 = 7:   𝑥7 − 1  

We factorize𝑥7 − 1 over ℤ13 . 𝐶𝑖 =  𝑖. 𝑞𝑗𝑚𝑜𝑑7 𝑗 = 0,1,   2,3, . .   C0={0}      C1={1,6}      C2={2,5}        

C3={3,4} 

 𝑥7 − 1 Can be factorized into 

𝑥7 − 1 =  𝑥 − 1  𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 1 =  𝑥 + 12  𝑥2 + 3𝑥 + 1  𝑥2 + 6𝑥 + (𝑥2 + 5𝑥 + 1) 

Therefore   𝑥7 − 1   Can be factorized into 4 monic irreducible polynomials. 1 of degree 1 and 3 of degree 2 

)  𝑛 = 8:  𝑥8 − 1  Consider   the cyclotomic cosets 13 mod8  𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑8  𝑗 = 0,1,2,3 , …  

  C0={0}    C1={ 1,5}      C2={2}     C3={3,7}     C4={4}   C6={6} 

 Factorize  𝑥8 − 1 over  ℤ13  
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𝑥8 − 1 =  𝑥4 − 1  𝑥4 + 1 =  𝑥2 − 1  𝑥2 + 1  𝑥4 + 1 =  𝑥 + 12  𝑥 + 1  𝑥 + 5  𝑥 + 8  𝑥2 + 5  𝑥2 +

8  

𝑥8 − 1 factors into 6 irreducible polynomials. 4of degree 1 and 2 of degree 2.  

𝑖)  Factorize 𝑥9 − 1 over ℤ13  

𝑥9 − 1 =  𝑥 − 1  𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1   =  𝑥 + 12  𝑥 − 9  𝑥 − 3  𝑥3 + 4 (𝑥3 +

10) =  𝑥 + 12  𝑥 + 4  𝑥 + 10  𝑥3 + 4 (𝑥3 + 10)  

𝑥9 − 1  factors into 5 irreducible monic  polynomials.  3 of  degree 1 and 2 of degree 3. On the other hand the 

numbers of cyclotomic cosets are 5.  

𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑9 𝑗 = 0,1,2,3, …    C0={0}       C1=(1,4,7}      C2={2,8,5}       C3={3}    C6={6} 

𝑗)We factorize 𝑥10 − 1over  ℤ13 .𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑10 𝑗 = 0,1,2,3, …  

   C0={0}     C1={1,3,9,7}     C2={2,6,8,4}     C5={5} 

𝑥10 − 1 Can be factorized into; 

𝑥10 − 1 =  𝑥5 − 1  𝑥5 + 1 =  𝑥 − 1  𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1  𝑥5 + 1 =  𝑥 + 12  𝑥4 + 𝑥3 + 𝑥2 + 𝑥 +

1𝑥+11𝑥4+2𝑥3+4𝑥2+8𝑥+3  

𝑥10 − 1 factors into 4 irreducible  monic polynomials.2of degree 1 and 2 of degree 4. 

𝑘) We factorize  𝑥11 − 1over  ℤ13 .       𝐶𝑖 =  𝑖. 13𝑗𝑚𝑜𝑑  𝑗 = 0,1,2,3 , …  

  C0={0}   C1={1,2,4,8,5,10,9,7,3,6} 

𝑥11 − 1 Can be factorized into; 

𝑥11 − 1 =  𝑥 − 1  𝑥10 + 𝑥9 + 𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1 =  𝑥 + 12  𝑥10 + 𝑥9 + 𝑥8 +

𝑥7+𝑥6+𝑥5+𝑥4+𝑥3+𝑥2+𝑥+1  

𝑥11 − 1 can be factorized into 2  irreducible monic polynomials. 1of degree 1 and 1 of degree 10 

𝑙) We need to factorize 𝑥12 − 1 over ℤ13       𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑  𝑗 = 0,1,2,3 , …  

 C0={0}  C1={1}   C2={2}  C3={3)   C4={4}   C5={5}    C6={6}   C7={7}  C8={8}  C9={9}  C10={10}    

C11={11} 
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  𝑥12 − 1 Can be factorized into; 

𝑥12 − 1 =  𝑥6 − 1  𝑥6 + 1 =  𝑥3 − 1  𝑥3 + 1  𝑥6 + 1 =  𝑥 − 1  𝑥2 + 𝑥 + 1  𝑥3 + 1  𝑥6 + 1 

=  𝑥 − 1  𝑥 + 4  𝑥 + 10  𝑥3 + 1  𝑥6 + 1 =  𝑥 − 1  𝑥 + 4  𝑥 + 10  𝑥2 + 7𝑥 + 12 

=  𝑥 + 12  𝑥 + 9  𝑥 + 10  𝑥 + 4  𝑥 + 3  𝑥 + 1  𝑥6 + 1 

=  𝑥 + 1  𝑥 + 2  𝑥 + 3  𝑥 + 4  𝑥 + 5  𝑥 + 6  𝑥 + 7  𝑥 + 8  𝑥 + 9  𝑥 + 10  𝑥 + 11  𝑥

+ 12  

Therefore there are 12 irreducible monic polynomials of degree 1. 

𝑚) We need to factorize 𝑥13 − 1 over  ℤ13       𝐶𝑖 =  𝑖. 13𝑗𝑚𝑜𝑑  𝑗 = 0,1,2,3 , …  

  C0={0}      C1={1,0}   C2={2,0}     C3={3,0}    C4={4,0}   C5={5,0}   C6={6,0} 

  C7={7,0}     C8={8,0}    C9={9,0}     C10=[10,0}       C11={11,0}       C12={12,0} 

𝑥13 − 1 Can be factorized into𝑥13 − 1 = (𝑥 − 1)13 = (𝑥 + 12)13  

Therefore there are 13 irreducible monic polynomials of degree 1 with the same roots repeated 13 times. 

𝑛) Need to factorize (𝑥14 − 1)over  ℤ13 .𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑14 𝑗 = 0,1,2,3, …  

  C0= {0}    C1= {1,13}    C2={2,12}   C3=(3,11} C4= {4, 10}   C5={5,9}     C7={7}   C6={6,8} 

 

𝑥14 − 1 Can be factorized into; 

.𝑥14 − 1 =  𝑥7 − 1  𝑥7 + 1 =  𝑥 − 1  𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1  

(𝑥7 + 1) =  𝑥 + 12  𝑥2 + 3𝑥 + 1  𝑥2 + 6𝑥 + 1  𝑥2 + 5𝑥 + 1 (𝑥 + 1) (𝑥2 + 7𝑥 + 1) (𝑥2 + 8𝑥 + 1)(𝑥2

+ 10𝑥 + 1)                             

   𝑥14 − 1 factors into 8, irreducible factors; 6 degree 2 and 2 of degree 1 

𝑜)  Need to factorize.𝑥15 − 1  over  ℤ13 .   𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑15 𝑗 = 0,1,2,3, …  

  C0={0}     C1={1,13,4,7}   C2={2,11,8,14}      C3={3,9,12,6}      C5={5,10} 

𝑥15 − 1  can be factorized into 5  irreducible monic  polynomials.  1 of  degree 1, 1 of degree 2  and 3 of 

degree 4. 

𝑥15 − 1 =  𝑥 − 1  𝑥14 + 𝑥13 + 𝑥12 + 𝑥11 + 𝑥10 + 𝑥9 + 𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1 

=  𝑥 + 12  𝑥2 + 𝑎𝑥 + 𝑏 (𝑥4 + 3𝑥3 + 9𝑥2 + 𝑥 + 3)(𝑥4 + 9𝑥3 + 3𝑥2 + 𝑥 + 9)(𝑥4 + 𝑥3

+ 𝑥2 + 𝑥 + 1) 

𝑜) Need to factorize 𝑥16 − 1  Over  ℤ13 . .   𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑16  𝑗 = 0,1,2,3, …  

   C0={0}  C1={1,13,9,5}  C2={2,10}  C3={3,7,11,5}C4={4}    C6={6,14}    C8={8}   C12={12} 
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𝑥16 − 1 Can be factorized into; 

𝑥16 − 1 =  𝑥8 − 1  𝑥8 + 1 =  𝑥4 − 1  𝑥4 + 1  𝑥8 + 1  =  𝑥2 − 1  𝑥2 + 1  𝑥4 + 1  𝑥8 + 1 =

 𝑥 + 12  𝑥 + 1  𝑥2 + 1  𝑥4 + 1  𝑥8 + 1 =  𝑥 + 12  𝑥 + 1  𝑥2 + 1  𝑥4 + 1  𝑥4 + 5 (𝑥4 +

8)= 𝑥 + 12  𝑥 + 1  𝑥 + 5  𝑥 + 8  𝑥2 + 5  𝑥4 + 5  𝑥2 + 8  𝑥4 + 8  

𝑥16 − 1 factors  into  8, irreducible factors, 4  of degree1, 2 of degree 2 and 2 of degree 4 

𝑝)  𝑛 = 17:  𝑥17 − 1  Consider the cyclotomic cosets 13 mod 17.   

𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑17  𝑗 = 0,1,2,3, … C0= {0}       C1= {1,13, 16,14}      C2={2,9,15,8} 

  C3= {3,5,14 ,12}      C4={4,1,13,14} 

𝑥17 − 1 =  𝑥 − 1  𝑥16 + 𝑥15 + 𝑥14 + 𝑥13 + 𝑥12 + 𝑥11 + 𝑥10 + 𝑥9 + 𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2

+ 𝑥 + 1 

=  𝑥 + 12 (𝑥4 + 2𝑥3 + 5𝑥2 + 2𝑥 + 1) (𝑥4 + 9𝑥3 + 9𝑥 + 1)(𝑥4 + 10𝑥3 + 9𝑥2 + 10𝑥

+ 1)(𝑥4 + 2𝑥3 + 5𝑥2 + 2𝑥 + 1) 

𝑥17 − 1  can be factorized into  5, irreducible factors, 1  of degree1 and 4 of degree 4 

𝑞) Need to factorize 𝑥18 − 1  Over  ℤ13  . 𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑18  𝑗 = 0,1,2,3, … .      

  C0={0}     C1={1,13,7}    C2={2,8,14}    C3={3}    C4={4,16,10} C5={5,11,17}     C6={6}      C9={9}       

C12={9}      C15={15}  

 

     𝑥18 − 1  Can be factorized into; 

𝑥18 − 1 =  𝑥9 − 1  𝑥9 + 1 =  𝑥 − 1  𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1  𝑥9 + 1 

=  𝑥 − 1  𝑥 − 9  𝑥 − 3  𝑥3 + 4  𝑥3 + 10  𝑥9 + 1 

=  𝑥 + 12  𝑥 + 4  𝑥 + 10  𝑥3 + 4  𝑥3 + 10  𝑥 + 9  𝑥 + 3  𝑥 + 1  𝑥3 + 3  𝑥3 + 9  

Factors into  10, irreducible factors, 6 of degree1 and 4 of degree 3 

𝑟)  𝑛 = 19:  𝑥19 − 1   Consider the cyclotomic cosets 13 mod 19   

. 𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑19  𝑗 = 0,1,2,3, . .   

  C0= {0}  C1={1,13,17,12,3,14,11,10,16}          C2={2,7,15,5,8,9,3,1,13} 

𝑥19 − 1   Can be factorized 3 irreducible factors, 1 of degree 1and 2 of degree 9 

 𝑥19 − 1 =  𝑥 − 1  𝑥18 + 𝑥17 + 𝑥16 + 𝑥15 + 𝑥14 + 𝑥13 + 𝑥12 + 𝑥11 + 𝑥10 + 𝑥9 + 𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 +

𝑥4+𝑥3+𝑥2+1=𝑥+12𝑥9+𝑎𝑥8+𝑏𝑥7+𝑐𝑥6+𝑑𝑥5+𝑒𝑥4+𝑓𝑥3+𝑔𝑥2+𝑥+𝑘𝑥9+𝑚𝑥8+𝑛𝑥7+𝑝𝑥6+𝑞𝑥5+𝑟𝑥4+𝑠

𝑥3+𝑡𝑥2+𝑢𝑥+𝑣       
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where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, 𝑘, , 𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑡, 𝑢, 𝑣 ∈ ℤ13    

𝑠) Need to factorize  𝑥20 − 1  over  ℤ13 .      𝐶𝑖 =  𝑖. 13𝑗 𝑚𝑜𝑑 20  𝑗 = 0,1,2,3, … ,   

C0={0}          C1={1,13,9,17}     C2={2,6,18,14} 

C4={4,12,16,8}       C5={5}       C10={10}    C3={3,19,7,11}      C15={15} 

𝑥20 − 1  Can be factorized into; 

𝑥20 − 1 =  𝑥10 − 1  𝑥10 + 1 =  𝑥5 − 1  𝑥5 + 1  𝑥10 + 1 =  𝑥 − 1  𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1  𝑥10 + 1 =

 𝑥 + 12  𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1  𝑥 + 11  𝑥4 + 2𝑥3 + 4𝑥2 + 8𝑥 + 3  𝑥 + 5  𝑥4 + 8𝑥3 + 12𝑥2 + 5𝑥 +

1𝑥+8𝑥4+5𝑥3+12𝑥2+8𝑥+1  

Factors into  8, irreducible factors; 4 degree 4 and 4 of degree  1. 

The number of irreducible factors in  𝒙𝒏 − 𝟏 𝒎𝒐𝒅𝟏𝟑  is equal to the number of cyclotomic coset of  

𝟏𝟑𝒎𝒐𝒅𝒏  provided  𝒒, 𝒏  

The number of irreducible factors in  𝑥𝑛 − 1 𝑚𝑜𝑑13 for 𝑛 = 1,2,3, …   ,20is summarized in the table below: 

𝑛 𝑥𝑛 − 1 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑖𝑟𝑟𝑒𝑑𝑢𝑐𝑖𝑏𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑖𝑛 𝑥𝑛 − 1 

       1  𝑥1 − 1 1{1 of degree 1} 

2   𝑥2 − 1 2{2 of degree1} 

       3 𝑥3 − 1 3{3 of degree 1} 

       4 𝑥4 − 1 4{4 of degree 1} 

       5 𝑥5 − 1 2{1 of degree1, 1 of degree 4} 

       6 𝑥6 − 1 6{6 of degree 1} 

       7 𝑥7 − 1 4{4 of degree1, 3 of degree 2} 

       8 𝑥8 − 1 6{4 of degree1, 2 of degree 2} 

       9 𝑥9 − 1 5{ 3 of degree1, 2 of degree 3} 

     10 𝑥10 − 1 4{ 2 of degree 1, 2 of degree 4} 

     11 𝑥11 − 1 2{ 1 of degree1, 1 of degree 10} 

     12 𝑥12 − 1 12{ 12 of degree 1} 

     13 𝑥13 − 1 13{13 of degree1} 

     14 𝑥14 − 1 8{2 of degree1, 6 of degree 2} 

     15 𝑥15 − 1 5{1 of degree1, 1 of degree2, 3 of degree 4} 

     16 𝑥16 − 1 8{4 of degree1, 2 of degree2, 2 of degree 4} 

     17 𝑥17 − 1 5{1 of degree1,4 of degree 4} 

     18 𝑥18 − 1 10{6 of degree 1, 4 of degree 3} 

    19 𝑥19 − 1 3{1 of degree1, 2 of degree 9} 

    20 𝑥20 − 1 8{ 4 of degree1, 4 of degree 4} 
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 𝑻𝒉𝒆𝒐𝒓𝒆m 3.1: The number of cyclic code in 𝑅𝑛 =
𝐹𝑞  𝑥 

𝑥𝑛 − 1
   is equal to 2𝑚  where m is the number of 𝑚 

cyclotomic coset  mod 𝑛.  Consider the number of cyclic code of length 𝑛 = 1, 2, 3, … ., 20   over   ℤ13 . 

𝑛 𝑥𝑛 − 1 𝑛𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝑞 

𝑐𝑦𝑐𝑙𝑜𝑡𝑜𝑚𝑖𝑐 

𝑐𝑜𝑠𝑒𝑡 = 𝑚 

𝑛𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝑞𝑐𝑦𝑐𝑙𝑜𝑡𝑜𝑚𝑖𝑐𝑐𝑜𝑠𝑒𝑡
= 2𝑚  

    1 𝑥1 − 1 1 21 = 2 

2 𝑥2 − 1 2 22 = 4 

3 𝑥3 − 1 3 23 = 8 

4 𝑥4 − 1 4 24 = 16 

5 𝑥5 − 1 2 22 = 4 

6 𝑥6 − 1 6 26 = 64 

7 𝑥7 − 1 4 24 = 16 

8 𝑥8 − 1 6 26 = 64 

9 𝑥9 − 1 5 25 = 32 

10 𝑥10 − 1 4 24 = 16 

11 𝑥11 − 1 2 22 = 4 

12 𝑥12 − 1 12 212 = 4096 

13 𝑥13 − 1 1 13 + 1 = 14 

14 𝑥14 − 1 7 27 = 128 

15 𝑥15 − 1 5 25 = 32 

16 𝑥16 − 1 8 28 = 256 

17 𝑥17 − 1 5 25 = 32 

18 𝑥18 − 1 10 210 = 1024 

19 𝑥19 − 1 3 23 = 8 

20 𝑥20 − 1 8 28 = 256 
 

3.2 Consider 𝒙𝒏 − 𝟏   when    𝒏 = 𝟏𝟑𝒌,    𝒌, 𝒏 = 𝟏  𝑥𝑛 − 1 = 𝑥13𝑘 − 1 = (𝑥𝑘 − 1)13  and if  

 𝑎) 𝑘 = 1:   𝑥13 − 1 = (𝑥 − 1)13 
 

 Number of cyclic code𝑠 = 13 + 1 = 14 

𝑏) 𝑘 = 2   𝑥26 − 1 = (𝑥2 − 1)13 = (𝑥 − 1)13(𝑥 + 1)13 = (𝑥 + 12)13(𝑥 + 1)13  Number of cyclic code𝑠 

= (13 + 1)2 = 142          

.𝑐) 𝑘 = 3:    𝑥39 − 1 = (𝑥3 − 1)13 = (𝑥 − 1)13(𝑥2 + 𝑥 + 1)13 = (𝑥 − 1)13(𝑥 + 4)13(𝑥 + 10)13 =

(𝑥 + 12)13𝑥 + 4)13(𝑥 + 10)13  

Number of cyclic code 𝑠 =  (13 + 1)3  = 143  

𝑑) 𝑘 = 4:   𝑥52 − 1 = (𝑥4 − 1)13 = (𝑥2 − 1)13(𝑥2 + 1)13 = (𝑥 − 1)13(𝑥 + 1)13(𝑥 + 8)13(𝑥 + 5)13=(𝑥 +

12)13(𝑥+1)13(𝑥+8)13(𝑥+5)13 

  Number of cyclic code 𝑠 =  (13 + 1)3  = 143  
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𝑒)  𝑘 = 5:   𝑥65 − 1 = (𝑥5 − 1)13 = (𝑥 − 1)13(𝑥4 + 𝑥3 + 𝑥2 + 𝑥 +   =(𝑥 − 1)13(𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1)13  

       Number of cyclic code𝑠 = (13 + 1)2 = 142 

𝑓)   𝑘 = 6:    𝑥78 − 1 = (𝑥6 − 1)13 = (𝑥3 − 1)13(𝑥3 + 1)13   

= (𝑥 + 12)13(𝑥2 + 𝑥 + 1)13(𝑥3 + 1)13

= (𝑥 + 12)13(𝑥 + 9)13(𝑥 + 10)13(𝑥 + 4)13(𝑥 + 3)13(𝑥 + 1)13                          

        Number of cyclic code𝑠 = (13 + 1)6 = 146 

𝑔) 𝑘 = 8;  𝑥104 − 1 = (𝑥8 − 1)13 = (𝑥4 − 1)13(𝑥4 + 1)13 = (𝑥2 − 1)13(𝑥2 + 1)13(𝑥4 + 1)13 = (𝑥 +

12)13(𝑥 + 1)13(𝑥 + 5)13(𝑥 + 8)13(𝑥2 + 5)13(𝑥2 + 8)13   

         Number of cyclic code= (13 + 1)6 = 146 

) 𝑘 = 9:  𝑥117 − 1 = (𝑥9 − 1)13 = (𝑥 − 1)13(𝑥 − 9)13(𝑥 − 3)13(𝑥6 + 𝑥3 + 1)13 = (𝑥 + 12)13(𝑥 +

4)13(𝑥 + 10)13(𝑥 + 10)13(𝑥3 + 4)13   

           Number of cyclic code𝑠 = (13 + 1)5 = 145 

𝑖) 𝑘 = 10:  𝑥130 − 1 = (𝑥10 − 1)13 = (𝑥5 − 1)13(𝑥5 + 1)13 = (𝑥 − 1)13(𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + +1)13  (𝑥5 +

1)13 == (𝑥 + 12)13(𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1)13  (𝑥 + 1)13(𝑥4 + 12𝑥3 + 𝑥2 + 12𝑥 + 1)13   

          Number of cyclic code𝑠 = (13 + 1)4 = 144 

𝑗)  𝑘 = 11:    𝑥143 − 1 = (𝑥11 − 1)13 = (𝑥 − 1)13(𝑥11 + 𝑥10 + 𝑥9 + 𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 +

𝑥 + 1)13 = (𝑥 + 12)13(𝑥11 + 𝑥10 + 𝑥9 + 𝑥8 + 𝑥7 + 𝑥6 + 𝑥5 + 𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1)13  

            Number of cyclic code𝑠 = (13 + 1)2 = 142 

𝑘)  𝑘 = 12:  𝑥156 −  1 = (𝑥12 − 1)13 = (𝑥6 − 1)13(𝑥6 + 1)13 = (𝑥3 − 1)13(𝑥3 + 1)13(𝑥6 + 1)13 = (𝑥 +

1)13(𝑥 + 2)13(𝑥 + 3)13(𝑥 + 4)13(𝑥 + 5)13(𝑥 + 6)13(𝑥 + 7)13(𝑥 + 8)13(𝑥 + 9)13(𝑥 + 10)13(𝑥 +

11)13(𝑥 + 12)13  

          Number of cyclic code𝑠 = (13 + 1)12 = 1412  

    𝑙)  𝑘 = 13:  𝑥169 − 1 = (𝑥13 − 1)13 = (𝑥13 + 12)13      

            Number of cyclic code𝑠 = (13 + 1)1 = 141  

   m) 𝑘 = 16:  𝑥208 − 1 = (𝑥16 − 1)13 = (𝑥8 − 1)13(𝑥8 + 1)13 = (𝑥4 − 1)13(𝑥4 + 1)13(𝑥8 + 1)13 =

(𝑥2 − 1)13(𝑥2 + 1)13(𝑥4 + 1)13(𝑥8 + 1)13 = (𝑥 + 12)13(𝑥 + 1)13(𝑥 + 5)13(𝑥 + 8)13(𝑥2 + 5)13(𝑥2 +

8)13(𝑥4 + 5)13(𝑥4 + 8)13    

     Number of cyclic code𝑠 = (13 + 1)8 = 148 
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  𝑛)  𝑘 = 20:   𝑥260 − 1 = (𝑥20 − 1)13 = (𝑥10 − 1)13(𝑥10 + 1)13 = (𝑥5 − 1)13(𝑥5 + 1)13(𝑥10 + 1)13 =

(𝑥 + 12)13(𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1)13(𝑥 + 11)13(𝑥4 + 2𝑥3 + 4𝑥2 + 8𝑥 + 3)13(𝑥 + 5)13(𝑥4 + 8𝑥3 +

12𝑥2 + 5𝑥 + 1)13(𝑥 + 8)13(𝑥4 + 5𝑥3 + 12𝑥2 + 8𝑥 + 1)13 

     Number of cyclic code𝑠 = (13 + 1)8 = 148 

The above is summarized in the table below 

𝐾 𝑥𝑛 − 1 𝑤𝑒𝑛 

 𝑛 = 13𝑘 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑦𝑐𝑙𝑖𝑐 𝑐𝑜𝑑𝑒 

1 13 1 (13 + 1)1 = 141 

2 26 2 (13 + 1)2 = 142 

3 39 3 (13 + 1)3 = 143 

4 52 4 (13 + 1)4 = 144 

5 65 2 (13 + 1)2 = 142 

6 78 6 (13 + 1)6 = 146 

7 91 4 (13 + 1)4 = 144 

8 104 6 (13 + 1)6 = 146 

9 117 5 (13 + 1)5 = 145 

10 130 4 (13 + 1)4 = 144 

11 143 2 (13 + 1)2 = 142 

12 156 12 (13 + 1)12 = 1412 

13 169 1 (13 + 1)1 = 141 

14 182 7 (13 + 1)7 = 147 

15 195 5 (13 + 1)5 = 145 

16 208                   8 (13 + 1)8 = 148 

17 221 5 (13 + 1)5 = 145 

8 234 10 (13 + 1)10 = 1410 

19 247 3 (13 + 1)3 = 1413 

20 260 8 (13 + 1)8 = 148 
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3.3 Consider  𝒙𝒏 − 𝟏 when 𝒏 = 𝟏𝟑𝒌   where   𝒌, 𝟏𝟑 = 𝟏 

The above is summarized in the table below:-
 

 

 

4. Conclusion 

1. Let  ℤ𝑞   be a given field. If 𝑥𝑛 − 1  factorizes into a product of linear factors over ℤ𝑞  such that   𝑥𝑛 − 1 =

(𝑥 − 1)𝑛  then the number of cyclic code in𝑅𝑛 =
𝐹𝑞  𝑥 

𝑥𝑛 − 1
    is given by 𝑛 + 1 

2. Let  ℤ𝑞   be a finite field and  𝑥𝑛 − 1 be given cyclotomic polynomial such that  𝑥𝑛 − 1 =  𝑥 − 𝛼1  𝑥 −

𝛼2𝑥−𝛼3….(𝑥−𝛼𝑛)     where   𝛼𝑖≠𝛼𝑗∀ 𝑖,𝑗 and suppose that  

𝑛 = 𝑞𝑚  where 𝑚 ∈ ℤ+ then, the number of cyclic codes in 𝑅𝑛 =
𝐹𝑞  𝑥 

𝑥𝑛 − 1
    is given by (𝑞 + 1)𝑘   where 

𝑘 is the number of distinct factors over ℤ𝑞 .  

 

3. Let  ℤ𝑞   a given field and  𝑥𝑛 − 1 be given cyclotomic polynomial such that 𝑥𝑛 − 1 = (𝑥 − 1)𝑛   then the 

number of irreducible monic polynomials over ℤ𝑞  is not equal to the number of cyclotomic coset. 
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