
Theoretical Economics Letters, 2017, 7, 1335-1356 
http://www.scirp.org/journal/tel 

ISSN Online: 2162-2086 
ISSN Print: 2162-2078 

DOI: 10.4236/tel.2017.75091  August 2, 2017 

 
 
 

Revenue and Knowledge Cooperation 
Mechanisms between Business Incubators and 
Venture Capitalists for Collaborative Start-Ups  

Wenqing Wu, Qing Han 

College of Management and Economics, Tianjin University, Tianjin, China  

 
 
 

Abstract 
Business incubators and venture capital are effective instruments for support-
ing the development of new firms. The purpose of this paper is to explore co-
operation mechanisms between business incubators and venture capitalists 
and find the equilibriums of the mechanisms. Also, this paper puts forward 
three mechanisms, revenue sharing mechanism, cost sharing mechanism and 
knowledge sharing mechanism, to discuss the cooperation between business 
incubators and venture capitalists. Meanwhile, we consider the effect of the 
business incubator’s altruism and compare the three cooperation mechanisms 
with and without altruism. The results indicate that the mechanism of revenue 
sharing leads to the highest incubator’s revenue sharing proportion. Addi-
tionally, the incubator’s revenue sharing proportion decreases even though its 
final profit increases when considering altruism. Therefore, the nonprofit in-
cubator can be better for cooperating with the venture capitalist than the 
profit incubator. Finally, financial returns can influence their cooperation. 
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1. Introduction 

Business incubators are institutions that cultivate small and medium-sized en-
terprises. They provide infrastructure, technology and related services to pro-
mote technological innovation and help the new ventures survive in their early 
stages [1]. Although the business incubators originated in the 1980s, the quantity 
and capability of incubators have constantly increasing even today [2]. Schwartz 
[3] compares the survival rates of 371 incubator firms after their graduation with 
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the survival rates of 371 non-incubated firms. The results suggest a higher sur-
vival rate among incubated firms than among firms outside the incubators. A 
great deal of research shows that the incubators are significant in reducing the 
high failure rate for new ventures because they obtain necessary resources from 
the incubators [4] [5] [6] [7]. 

By now, there are many business incubators that serve new ventures and have 
incubated many new ventures successfully. However, after surveys and inter-
views with the managers of the new ventures, Tang et al. [8] find that the incu-
bators are good at providing physical infrastructure and administrative support 
but ineffective in offering finance, strategy, or other intangible resources. There-
fore, the new ventures need to seek financial help, such as venture capital. Ven-
ture capital firms provide new ventures with funds that will support the value- 
added activities of the new venture [9] [10]. 

As mentioned above, the incubator’s resource support and the venture capi-
talist’s fund assist the new venture’s development. Generally, incubators are in-
creasingly likely to partner with venture capitalists, creating new business rela-
tionships in this area. Nevertheless, only a few scholars have explored the rela-
tionship between the incubator and the venture capitalist. To obtain more in-
vestment opportunities for new ventures and establish contact with the enter-
prise earlier, some venture capitalists fund the business incubators. Avnimelech 
et al. [11] suggest that the incubator obtains funds from the venture capitalist, 
which can lead to higher incubation performance. However, the relationship in 
which the incubator obtains financial support from the venture capitalist is not 
cooperation. Cumming [12] believes that the relationship between the incubator 
and the venture capitalist should be more reasonable. Callegati et al. [13] note 
that business incubators would be more successful when cooperating with the ven-
ture capitalists even though the incubator would face more challenges. Therefore, 
cooperation between business incubators and venture capitalists is significant to 
the future success of new ventures. Further studies on the cooperation mechan-
ism between the business incubator and venture capitalist should be performed. 

Moreover, most of the business incubators are non-profit organizations that 
aim to assist the start-ups but not obtain more profit [14]. These non-profit in-
cubators often behave altruistically to support the development of the new ven-
tures. Therefore, the research should consider the altruistic characteristic of 
business incubators, which influences the incubation performance dramatically. 

In this paper, we model three cooperation mechanisms between business in-
cubators and venture capitalists: the revenue sharing mechanism, the cost shar-
ing mechanism and the knowledge sharing mechanism. The revenue sharing 
mechanism reflects the case where the venture capitalist funds the new venture 
and the incubator provides advice to the new venture. In this case, they share the 
revenue of the new venture. In contrast, under the cost sharing mechanism, the 
venture capitalist not only funds the new venture but also bears some of the cost. 
The incubator and the venture capitalist share the revenue and the cost during 
the incubation process. Under the knowledge sharing mechanism, the incubator 
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and the venture capitalist both provide knowledge and share the revenue. Finally, 
we derive the solutions of different mechanisms using game theory. Moreover, 
we add the incubator’s altruism to the mechanisms and determine those solu-
tions. Finally, we compare the solutions of the three mechanisms mentioned 
above and the profits of the incubator and evaluate the effects of altruism. 

The following passage is organized as follows. Section 2 reviews the relevant 
literature about business incubators, venture capitalists and cooperation me-
chanisms. In the next two sections, we establish three collaboration mechanisms 
between the incubator and the venture capitalist, including the revenue sharing 
mechanism, cost sharing mechanism and knowledge sharing mechanism, and 
determine the equilibrium of different mechanisms. In the fifth section, we ex-
pand the model based on the altruism of the incubator and then compare the 
solutions with and without the altruism factor. Finally, Section 6 presents the 
conclusions. 

2. Literature Review 

Since business incubators emerged in the 1990s, they have been widely known as 
useful institutions that provide services to the new ventures. Morant and Ribeiro 
[15] note that the incubators provide not only facilities but also advice on expe-
rienced monitoring skills, marketing plans and technological knowledge. Know-
ledge, as an important resource in the development of the firms, has been stu-
died widely as well as in the incubators and incubating firms [16]. Rothaermel 
and Thursby [17] suggest that incubators, and particularly university business 
incubators, should enhance the knowledge flow between the incubator and the 
incubating firms. Cooper et al. [18] also emphasize the knowledge transfer be-
tween the incubating firms and the business incubators.  

Although they receive assistance from the incubator, new ventures may fail 
because of insufficient funds. Thus, financial support from venture capitalists 
enables the new firm to survive. Venture capitalist provides funds to the new 
venture in the early stages to help its development [19]. Ding et al. [20] study the 
optimal investment decision for venture capitalists by establishing the coopera-
tive and non-cooperative models with venture entrepreneurs. Meanwhile, the 
venture capitalist can provide knowledge about management to the new venture. 
Christian [21] proposes a model for the venture capitalist and the entrepreneur 
to discuss how the venture capitalist boosts better innovation. In this model, the 
venture capitalist not only provides funds but also advises the start-ups. 

The relationships among the three parties can be described as follows: the in-
cubator provides tangible resources, and the venture capitalist provides financial 
support to the new venture. The incubator and the venture capitalist both con-
tribute to the new venture’s development. At present, cooperation between the 
incubator and the venture capitalist is crucial to motivate the improvement of a 
high-tech venture. The cooperation mechanism between the incubator and the 
venture capitalist has received little attention in existing research. Gaspar [22] 
confirms that the incubator’s network and the venture capitalist’s funds enable 
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the new venture to develop further. Avnimelech et al. [11] perform the empirical 
work to examine whether the interaction between the incubator and the venture 
capitalist is beneficial for the new venture. The results suggest that the interac-
tion increases the incubation’s success rate. Wu et al. [23] examine the efforts of 
the incubator, the venture capitalist, and the new venture through establishing a 
trilateral game model. They conclude that in the cooperation, each of them con-
tributes their best effort. In contrast, if the three parities do not collaborate, their 
profit cannot achieve equilibrium.  

On the other hand, cooperation between firms has become increasingly cru-
cial during the past decade. A large number of firms cooperate with others to 
improve their competitiveness. Numerous studies examine this cooperation. Ge 
et al. [24] study the R & D cooperation of firms in a supply chain. The results 
show that firms in a supply chain both contribute to the R & D and benefit from 
the cooperation. Bonte and Keilbach [25] investigate the formal and informal 
cooperation for innovation between firms, and they state that large firms are 
more likely to engage in formal cooperation, whereas the informal cooperation 
of R & D innovation is more prevalent among the small and medium-sized en-
terprises. 

Generally, the cooperation mechanisms between firms can be identified three 
categories: the revenue sharing mechanism, cost sharing mechanism and know-
ledge sharing mechanism. The pure revenue sharing contract is often used in 
supply chain coordination [26]. The revenue sharing mechanism in a supply 
chain means that the retailer shares a part of the revenue with the manufacturer. 
Sang [27] establishes revenue sharing contract between the manufacture and the 
retailer to coordinate the supply chain. Through the revenue sharing mechanism, 
the expected profit of the whole supply chain can be realized. The revenue shar-
ing mechanism can be adopted in other fields to coordinate the relationship. The 
cost sharing mechanism is also pervasive in the supply chain. Ghosh and Shah 
[28] model the cost sharing contract and analyze its influence on prices and 
profits in the supply chain. They assume that the two parties in the supply chain 
share the manufacturing setup cost and the final revenue, which can encourage 
the manufacturer to create and maximize the profit of the whole supply chain. 
Roma and Perrone [29] compare the outcome-based and the ex-ante based cost 
sharing mechanisms between two firms. In the cost sharing mechanisms, the 
two firms undertake the cost together, and the result finds the outcome-based 
sharing mechanism can lead to more welfare.  

In addition to the revenue sharing and the cost sharing mechanisms, the 
knowledge sharing mechanism has also been a topic of recent study. Knowledge 
flow refers to knowledge transfers from one generation to the next [30]. Along 
with the tremendous advances of the society, the knowledge transfer theory im-
pacts the management of firms. Knowledge flows and exchanges between indi-
viduals and organizations are increasingly significant along with the tremendous 
advance of society. Human factors, stakeholder roles, power relationships, 
knowledge sources, organizational factors and external influences should be 
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considered to improve knowledge exchanges [31]. A knowledge network could 
be used to reflect the knowledge interaction between the incubators and the in-
cubating firms. In addition, both specialized and diversified business incubators 
could reinforce the network structure [32]. Bhaskaran and Krishnan [33] argue 
that collaboration between firms is important given the growing sophistication 
of technology and the rising cost of product. They model the effort, revenue, and 
cost sharing mechanisms for new product development between two firms. 
Therefore, the three kinds of sharing mechanisms are worthy of reference to the 
cooperation between the incubator and venture capitalist. 

However, few researchers have considered the altruism of business incubators. 
Incubators as a kind of non-profit organization often behave altruistically. Al-
truism, the opposite of selfishness, refers to helping others or engaging in a mu-
tually beneficial arrangement. Sibly and Curnow [34] study the altruism and sel-
fishness of individuals, and other literature examines the altruism of firms. Dur 
and Tichem [35] study the impact of the altruism from the firm’s managers and 
employees on incentive contracts. Haynes et al. [36] study the impacts of greed 
and altruism behaviors by a manager. They find that the firm benefits from al-
truism. Guinot et al. [37] also note that altruism promotes firms’ learning capac-
ity. Philosophers argue that altruism is the moral duty of individuals, whereas 
some economists view altruism as non-market behavior within families but not 
within firms [38]. Actually, business incubators often engage in altruistic beha-
viors. Grimaldi and Grandi [39] define business innovation centers and univer-
sity business incubators as non-profit institutions, whereas some private incu-
bators are for-profit institutions. They note that the main model of the incuba-
tors is non-profit. Markman et al. [40] investigate 128 university business incu-
bators and conclude that most incubators are non-profit. Helping the new firms 
and encouraging creation are the targets of the non-profit incubator. Therefore, 
the incubator’s altruism impacts its decisions and cooperation among the three 
parties. 

Faced with increasingly fierce competition, many enterprises pursue oppor-
tunities for cooperating with others, and they benefit from the cooperation. In 
summary, there are three typical cooperation mechanisms: the revenue sharing 
mechanism, the cost sharing mechanism and the knowledge sharing mechanism. 
At the same time, the service advantage of the incubator and the financial ad-
vantage of the venture capitalist are complementary. The cooperation between 
the incubator and the venture capitalist has been increasingly emphasized, but 
little research examines the cooperation mechanism between the incubator and 
the venture capitalist. Therefore, the cooperation mechanisms should be ex-
plored. In this paper, we adopt the three mechanisms to enhance the coopera-
tion between the incubator and the venture capitalist. In addition, the altruism 
factor of the incubator has been considered in the cooperation. We analyze the 
consequences of these arrangements for each party to see if the results are really 
as beneficial as intended.  

The main contributions of this paper are as follows. First, we creatively apply 
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the revenue sharing mechanism and cost sharing mechanism to the cooperation 
between the incubator and the venture capitalist. Next, since the knowledge flow 
in the firms is extremely significant to the creation of new firms, our paper de-
signs the knowledge sharing mechanism to discuss the knowledge flow from the 
incubator and the venture capitalist to new firms. Based on the literature men-
tioned above, we add the altruism of the incubator to the three mechanisms and 
determine the collaboration decisions. Moreover, we compare the mechanisms 
to identify an optimal cooperation mechanism. 

3. Model Descriptions 

In this section, we design a model to explore the collaboration mechanisms be-
tween the incubator and venture capitalist during the incubation process. We 
first introduce the assumptions of the model. 

1) The incubation from the business incubator is successful and the new ven-
ture obtains profits. 

2) The business incubator and venture capitalist are completely rational and 
they reach an agreement to cooperate.  

3) The revenue sharing proportion of the new venture is fixed. 
4) To encourage better incubation from business incubator to new ventures, 

the government gives financial return to the incubator after successful incuba-
tion. In this paper, we use Nash solutions to solve the bargaining problem.  

The cooperation between the incubator and venture capitalist forms a bar-
gaining problem and they cooperate to decide how to share the revenue, cost or 
knowledge. Nash [41] came up with a structure to solve the bargaining problem 
to reach the equilibrium between two cooperative persons. In this paper, we ob-
tain Nash bargaining solutions to discuss the cooperation between the incubator 
and venture capitalist. 

Then we design the model. We assume the original value of the new venture is 
α ( 0α ≥ ), and the value will improve after obtaining assistance from incubator 
and venture capitalist. The business incubator incubates the new venture and 
decides its quality improvement θ ( 0θ ≥ ). We assume v is the conversion effi-
ciency parameter, and then the increased value of the new firm would be vθ . 
After incubation, the final value of the new venture can be described as vα θ+ . 
The tax ratio of the government is l ( 0 1l< < ), and the after-tax profit of the 
new venture is ( )( )1 l vα θ− + . The revenues are divided among the three par-
ties according to revenue sharing parameters x and y. We assume x is the pro-
portion of revenue shared by the incubator, and y is the revenue sharing para-
meter of the new venture. Once the incubation succeeds, the incubator’s profit is 
( )( )1x l vα θ− + , the profit of the new venture is ( )( )1y l vα θ− +  and the 

venture capitalist’s profit is ( )( )( )1 1x y l vα θ− − − + . In practice, the incubator 
can receive financial return from the government that is proportional to the tax 
on the new venture. We assume the proportion of the government’s financial 
return is R ( 0 1R< < ). Then, the increased revenue of the incubator is  

( )lR vα θ+ . Finally, the revenues of the incubator, the venture capitalist, and the 
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new firm without considering the cost are as follows.  
The incubator’s revenue is 

( )( ) ( )1 1U x l v lR vα θ α θ= − + + +                 (1) 

The venture capitalist’s revenue is 

( )( )( )2 1 1U x y l vα θ= − − − +                  (2) 

The new venture’s revenue is  

( )( )3 1U y l vα θ= − +                      (3) 

In addition, we consider the cost during the incubator’s support to the firm, 
which is related to the level of the new firm’s quality improvement. We assume 
that the upfront cost is Iθ2 (Let I be the cost parameter). In addition to the up-
front costs, the incubator will also dedicate resources to the new firm during the 
incubation process. Other cost which is proportional to the quality improvement 
θ and the incubation time t can be represented as c tθ  (c is a fixed parameter). 
The time of the incubation is inversely proportional to the incubation speed λ . 
To simplify the function, we use θ λ  to replace t  and the final cost is  

2 2I cθ θ λ+ . We use π  represent the profits of the three bodies in the model. 
Furthermore, the superscripts, RS, CS, KS represent the revenue sharing me-
chanism, cost sharing mechanism and knowledge sharing mechanism respec-
tively. Then, the profit functions of the incubator, venture capitalist, and the new 
venture are as follows. 

The incubator’s profit function is 

( )( ) ( ) 2 2
1 1RS x l v lR v I cπ α θ α θ θ θ λ= − + + + − −            (4) 

The venture capitalist’s profit function is 

( )( )( )2 1 1RS l x y vπ α θ= − − − +                   (5) 

The new venture’s profit function is 

( )( )3 1RS y l vπ α θ= − +                       (6) 

4. Solutions 

In this section, we determine the solutions and compare the differences between 
the sharing mechanisms. According to the functions of different sharing me-
chanisms, we obtain the solutions for an optimal sharing agreement using the 
Nash bargaining game. In Nash bargaining problem, the incubator and the ven-
ture capitalist make decisions cooperatively. The decision-making order is that 
the incubator chooses the sharing mechanism and then the incubator and the 
venture capitalist decide the revenue sharing parameters based on the Nash bar-
gaining game. Finally, they determine the optimal quality improvement for the 
new firm. 

4.1. Revenue Sharing Mechanism 

Under the revenue sharing condition, we assume that the venture capitalist 
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provides financial support and the incubator provides elements such as equip-
ment, laboratories, and research facilities. During the incubation process, the 
incubator bears all of the cost. Therefore, the profits under the revenue sharing 
mechanism are the same as (4) (5) (6). Based on the above functions, we obtain 
the equilibrium RSx  of the revenue sharing mechanism, which is presented in 
Proposition 1.  

Proposition 1. There exists a solution to the revenue sharing mechanism 
which is 

( )
( )

3 11 1 ,
2 2 1 4 4 1

RS yy lR lRx
l l

 −−
∈ − −  − − 

 

All the proofs can be seen in the Appendix. 
Proposition 1 shows that the profit sharing ratio of the incubator under the 

revenue sharing mechanism is more than 
1 1

2 2 1
y lR

l
−

−
−

, but less than  

( )
( )

3 1
4 4 1

y lR
l

−
−

−
. In this case, the incubator and the venture capitalist coope- 

rate to support the new venture’s development. When the revenue sharing pa-
rameter of the incubator is RSx , the venture capitalist’s revenue sharing ratio  

will be ( ) ( )
( )

1 1 11 ,
4 4 1 2 2 1

RS y lR y lRx y
l l

 − −
− − ∈ + +  − − 

. 

4.2. Cost Sharing Mechanism 

While supporting the firm, the incubator bears the cost, such as the use of 
equipment, laboratories, and research facilities. If the venture capitalist agrees to 
bear part of the cost, the incubator’s financial pressure is reduced, and the incu-
bator can provide better service to the success of new ventures. In the cost shar-
ing mechanism, which differs from the revenue sharing mechanism, the venture 
capitalist assumes part of the costs in the process of cooperation with the incu-
bator to encourage better service by the incubator. We assume that the propor-
tion of the incubation cost borne by the incubator is k, and the venture capitalist 
bears the remainder of the cost. Consequently, the cost of the incubator is 
( ) 2k c Iλ θ λ+ . The cost that the venture capitalist bears is  

( )( ) 21 k c Iλ θ λ− + . 
According to (4)-(6), the profit functions under the cost sharing mechanism 

are as follows. 
The incubator’s profit function is 

( ) ( ) 2
1 1CS c Il x lR v k λ

π α θ θ
λ
+

= − + + − ∗                 (7) 

The venture capitalist’s profit function is 

( )( )( ) ( ) 2
2 1 1 1CS c Ix y l v k λ

π α θ θ
λ
+

= − − − + − −            (8) 

The new venture’s profit function is 
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( )( )3 1CS y l vπ α θ= − +                       (9) 

After modeling the profit functions of the three parties, we obtain the equili-
brium under the cost sharing mechanism. Unlike the revenue sharing mechan-
ism, the incubator and venture capitalist must decide the proportion of the cost, 
not only the revenue sharing parameter. Let CSx  and CSk  represent the reve-
nue and the cost sharing ratio of the incubator, respectively. The equilibrium of 
the cost sharing mechanism is listed in Proposition 2. 

Proposition 2. 1) Under cost sharing, the equilibrium solution of the Nash 
problem can be 

( )
1

2 2 1
CS y lRx

l
−

= −
−

, 1 2CSk = . 

2) 1CS CS CSx x y< − − . The profit sharing ratio of the incubator is less than the 
venture capitalist’s sharing ratio. 

From Proposition 2, we know that the incubator’s revenue proportion in the 

cost sharing mechanism is 
( )

( )11
2 2 1 2

CS y blRx
l

+
= − −

−
 and CSx  is less than  

( )1 CSx y− − . The results suggest that the profit proportion of the incubator is 
smaller than the venture capitalist’s when they adopt the cost sharing mechan-
ism. In other words, the venture capitalist will require more profit when bearing 
the cost. The solution 1 2CSk =  means they share the same cost equally. When 
the incubator adopts the cost sharing mechanism, the best result for coordina-
tion is bearing half of the cost. 

4.3. Knowledge Sharing Mechanism 

The business incubator’s assistance, including laboratories, research facilities, 
networks and management services to the new firm, is significant to the new 
firm’s innovation ability and effective management. Nevertheless, as mentioned 
above, the venture capitalist is more professional with regard to the market in-
formation, business plan and other knowledge. Therefore, in the knowledge 
sharing mechanism, we consider the knowledge flow between the incubator, 
venture capitalist and the new firm. In this section, we model that the venture 
capitalist provides not only finance but also knowledge about markets and man-
agement. In this case, the business incubator and the venture capitalist both pro-
vide the new firm with knowledge to better develop the new firm. Moreover, 
when the incubator and the venture capitalist share the knowledge, they must 
coordinate and distribute the work reasonably. Meanwhile, coordinating with 
each other incurs additional costs. 

Let θ  present the level of the quality improvement of the firm. Let 1θ  be the 
quality improvement from the incubator’s knowledge input, and 2θ  be the 
quality improvement from the venture capitalist’s knowledge input. In addition, 

1 2θ θ θ= + , and the increasing cost is ( )2 2
1 2C m θ θ= + . Finally, the profit func-

tions of the incubator, venture capitalist and the new venture under the know-
ledge sharing mechanism are as follows. 
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( ) ( ) ( )2 2 2
1 2 1 21KS c Il x lR v mλ

π α θ θ θ θ
λ
+

= − + + − − +              (10) 

( )( )( ) ( )2 2 2
2 1 1 21 1KS c Ix y l v mλ

π α θ θ θ θ
λ
+

= − − − + − − +           (11) 

( )( )3 1KS y l vπ α θ= − +                      (12) 

Based on the profit functions (13)-(15), the optimal knowledge sharing ar-
rangement has been summarized in Proposition 3. Let 1

KSθ  and 2
KSθ  be the 

optimal knowledge sharing levels of the incubator and the venture capitalist, re-
spectively. 

Proposition 3.  
1) The best levels of the knowledge sharing levels are 

( )
( )1

1
2

KS v x l lR
c I m

λ
θ

λ λ
− +  =

+ +
, ( )( )

( )2

1 1
2

KS v x y l
c I m

λ
θ

λ λ
− − −

=
+ +

. 

2) The optimal revenue proportion of the incubator is 

( )
( )11

2 2 1 2
KS y blRx

l
+

= − −
−

. 

3) 1KS KSx x y< − − .The revenue sharing ratio of the incubator is less than the 
venture capitalist’s sharing ratio.  

Proposition 3 suggests that under the knowledge sharing mechanism, the in-
cubator and the venture capitalist both provide knowledge to the firm to im- 

prove the value. The knowledge sharing of the incubator is 
( )

( )1

1
2

KS v x l lR
c I m

λ
θ

λ λ
− +  =

+ +
, 

and the knowledge sharing of the venture capitalist is ( )( )
( )2

1 1
2

KS v x y l
c I m

λ
θ

λ λ
− − −

=
+ +

. 

In this condition, the equilibrium is 
( )

( )11
2 2 1 2

y blR
l

+
− −

−
, which is the same  

as the equilibrium in the cost sharing mechanism. Similarly, the revenue propor-
tion of the incubator is less than the proportion of the venture. As a consequence, 
in the knowledge sharing mechanism, the incubator reduces its profit propor-
tion to encourage the venture capitalist to provide knowledge. 

5. The Equilibrium Based on Incubator’s Altruism 

Altruism is defined as a kind of behavior that benefits others based on social 
morality. Altruists consider not only their profit but also others’ profits. In this 
section, we add altruism into the incubator’s decision during the study. Then, 
the revenue function changes when the business incubator, the venture capitalist 
and the new firm share the revenue. Based on altruism, the three sharing me-
chanisms discussed above would change as follows. (The superscripts, RSA, CSA, 
KSA represent the revenue sharing mechanism, cost sharing mechanism and 
knowledge sharing mechanism respectively when considering the incubator’s al-
truism.) 
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5.1. Revenue Sharing Mechanism Based on Altruism 

When the business incubator, the venture capitalist and the new firm share the 
revenue, we model the profit proportion of the incubator as x, the new firm as y, 
and the venture capitalist as 1 − x − y. In this section, we add the altruism factor 
of the incubator into the cooperation mechanisms. Let b measure the degree of 
the business incubator’s altruism. The profit of the incubator increases when the 
incubation succeeds. Finally, the profit functions of the incubator, venture capi-
talist and the new venture under the revenue sharing mechanism based on altru-
ism are as follows. 

The incubator’s profit function is 

( )( )( ) ( ) 2 2
1 1RSA x by l v lR v I cπ α θ α θ θ θ λ= + − + + + − −       (13) 

The venture capitalist’s profit function is  

( )( )( )2 1 1RSA x y l vπ α θ= − − − +                  (14) 

The new firm’s profit function is 

( )( )3 1RSA y l vπ α θ= − +                      (15) 

After determining the profit functions of the three parties, we can derive the 
solution of the Nash bargaining problem. 

Proposition 4. There is a solution to the Nash bargaining problem under the 
revenue sharing mechanism based on altruism: 

( )
( )

( )
11 3 3,

2 2 1 2 4 4 1 4
RSA b ylR lR y byx

l l
 + +

∈ − − − −  − − 
. 

The parameter RSAx  is the optimal revenue sharing ratio of the incubator 
under the revenue sharing mechanism. Under this mechanism, the incubator 
and the venture capitalist both bargain for more profit. From the solution, we 
know that the profit proportion of the incubator will be more than  

( )
( )11

2 2 1 2
b ylR

l
+

− −
−

 but less than
( )

3 3
4 4 1 4

lR y by
l

+
− −

−
. The degree of altru- 

ism also affects the equilibrium. When the degree of altruism is higher, the range 
of the optimal sharing ratio is larger. 

5.2. Cost Sharing Mechanism Based on Altruism 

In the same way, we model the cost sharing mechanism based on the incubator’s 
altruism. We assume the cost sharing proportion of the incubator is k, so then 
the cost the incubator bears is ( ) 2k c Iλ θ λ+  and the cost the venture capital-
ist bears is ( )( ) 21 k c Iλ θ λ− + . The profit functions of the incubator, the 
venture capitalist and the new venture under the knowledge sharing mechanism 
based on the altruism are as follows. 

The incubator’s profit function is 

( )( ) ( ) 2
1 1CSA c Il x by lR v k λπ α θ θ

λ
+

= − + + + − ∗              (16) 

The venture capitalist’s profit function is 
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( )( )( ) ( ) 2
2 1 1 1CSA c Ix y l v k λ

π α θ θ
λ
+

= − − − + − −             (17) 

The new firm’s profit function is 

( )( )3 1CSA y l vπ α θ= − +                       (18) 

Similarly, we obtain the solutions of the cost sharing mechanism, which are 
listed as follows. 

Proposition 5. 1) The revenue sharing ratio is 
( )

( )11
2 2 1 2

CSA y blRx
l

+
= − −

−
  

under the cost sharing mechanism based on altruism, and the cost sharing ratio 
is 1 2CSAk = . 

2) 1CSA CSAx x y< − − . 
When we consider the incubator’s altruism, the incubator’s profit will increase 

after the new firm’s success. On the other hand, the profit proportion of the in-
cubator is less than that of the venture capitalist, which means the incubator will 
decrease the proportion of revenue in order to realize cooperation. The cost 
proportion k is 1/2, which suggests that the incubator and the venture capitalist 
bear the same cost. The equilibrium suggests that in the cost sharing mechanism, 
the incubator will reduce its profit proportion when it wants the venture capital-
ist to bear the cost. After bargaining for themselves, the incubator and the ven-
ture capitalist each bear half of the cost. Moreover, the profit proportion of the 
incubator decreases according to the degree of the altruism. When the degree of 
the altruism is high, the incubator will require a low profit sharing proportion, 
which corresponds to the definition of altruism. When the degree of the altruism 
decreases, the incubator requires more profit in order to support the new venture. 

5.3. Knowledge Sharing Mechanism Based on Altruism 

Based on altruism, the profit functions change under the knowledge sharing 
mechanism. Let KSAπ  be the profit under the knowledge sharing mechanism. 

1 2,θ θ  are the quality improvements of the new venture because of knowledge 
sharing by the incubator and the venture capitalist. The profit functions of the 
three parties based on altruism are as follows. 

( )( ) ( ) ( )2 2 2
1 1 1 21KSA c Il x by lR v mλ

π α θ θ θ θ
λ
+

= − + + + − − +         (19) 

( )( )( ) ( )2 2 2
2 2 1 21 1KSA c Ix y l v mλ

π α θ θ θ θ
λ
+

= − − − + − − +          (20) 

( )( )3 1KSA y l vπ α θ= − +                       (21) 

In the knowledge sharing mechanism, the incubator and the venture capitalist 
both share knowledge with the new venture. We obtain the solution to the Nash 
bargaining problem. 

Proposition 6. The quality improvement from the incubator’s knowledge 

sharing is 
( )( )

( )1

1
2

KSA x by l lR v
c I m

λ
θ

λ λ
+ − +  =

+ +
, and the quality improvement from 
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the venture capitalist’s knowledge sharing is ( )( )
( )2

1 1
2

KSA x y l v
c I m

λ
θ

λ λ
− − −

=
+ +

. The 

equilibrium is 
( )

( )11
2 2 1 2

KSA y blRx
l

+
= − −

−
. 

In Proposition 6, we derive the solution as 
( )

( )11
2 2 1 2

KSA y blRx
l

+
= − −

−
  

which is the same as the solution of the cost sharing mechanism. Therefore, the 
profit percentages of the incubator of the cost sharing mechanism and the 
knowledge sharing mechanism are the same. 

5.4. Comparison of the Different Mechanisms  

We have obtained the Nash solutions both with and without altruism, and now we 
compare the solutions in the following tables. Table 1 lists the optimal revenue 
sharing ratio of the incubator under the three mechanisms without and with altru-
ism. Table 2 represents the profit to the incubator under the three mechanisms. 
 
Table 1. The solutions of the sharing mechanisms. 

Profit sharing  
ratio of the  
incubator 

Without altruism With altruism 

Revenue  
sharing  

mechanism 

( )
( )

3 11 1 ,
2 2 1 4 4 1

RS yy lR lRx
l l

 −−
∈ − −  − − 

 
( )

( )

( )

11 ,
2 2 1 2

3 3
4 4 1 4

RSA b ylRx
l

lR y by
l

 +
∈ − − −

+
− − − 

 

Cost sharing 
mechanism 

1 1
2 2 1

CS y lRx
l

−
= −

−
 

( )
( )11

2 2 1 2
CSA y blRx

l
+

= − −
−

 
Knowledge 

sharing  
mechanism 

1 1
2 2 1 2

KS lR yx
l

= − −
−

 
( )

( )11
2 2 1 2

KSA y blRx
l

+
= − −

−
 

 
Table 2. The profit of the incubator in different mechanisms. 

Profit of  
the incubator 

Without altruism With altruism 

Revenue  
sharing 

mechanism 

( )
( )

( )

22

1

1
4

RS RS

RS

lR x l

v lR x l
c I

π α

λ
λ

= + −  

+ −  +
+

 
( )( )

( )( )
( )

22

1

1
4

RSA RSA

RSA

lR x by l

v lR x by l
c I

π α

λ

λ

 = + + − 

 + + − +
+

 

Cost sharing 
mechanism 

( )

( )( )
( )

22

1 1
2

1 1
8

CS l lR y l

v l y lR
c I

π α

λ
λ

− + − −
= ∗

− − +  +
+

 

( )( )

( )( )
( )

22

1 1 1
2

1 1 1
8

CSA l lR y b l

v l lR y b l
c I

π α

λ
λ

− + − − −
= ∗

− + − − −  +
+

 

Knowledge 
sharing 

mechanism 

( )( )

( )( )
( )

( )

22

2

1 1
2

1 1

16

3 2

KS l y lR

v l y lR
c I m

c I m

π α

λ

λ λ

λ λ

− − +
= ∗

− − +  +
+ +

∗ + +  

 

( )( )

( )( )
( )

( )

22

2

1 1 1
2

1 1 1

16

3 2

KSA l lR y l b

v l lR y l b
c I m

c I m

π α

λ

λ λ

λ λ

− + − − −
= ∗

− + − − −  +
+ +

∗ + +  
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We can reach some conclusions from Table 1 and Table 2 about sharing by 
the business incubator and venture capitalist in different conditions. 

Proposition 7. RS CS KSx x x> = , RSA CSA KSAx x x> = . The revenue sharing 
proportion of the incubator in the revenue sharing mechanism is greater than 
that of the other two sharing mechanisms with and without the incubator’s al-
truism.  

Proposition 7 shows that if the business incubator provides assistance and 
undertakes all of the cost, which means that the venture capitalist funds the new 
firm only, the incubator will require more revenue sharing in proportion to the 
collaboration. If the incubator looks for the venture capitalist to bear part of the 
cost or provide knowledge together, it will decrease its revenue proportion for 
better collaboration. On the other hand, the venture capitalist requires more 
profit because it undertakes cost or provides knowledge. Moreover, the optimal 
profit proportion of the incubator under cost sharing is the same as that of 
knowledge sharing.  

Proposition 8. For the profit proportion of the incubator, CS CSAx x>  and
KS KSAx x> . For the final profits of the incubator, CS CSAπ π<  and KS KSAπ π< .  
Proposition 8 shows that the revenue proportion of the incubator will de-

crease when considering altruism in the cost sharing and knowledge sharing 
mechanisms. Because of altruism, the incubator will decrease its profit propor-
tion to help the new venture. On the other hand, according to the equation, the 
incubator’s profits increase when adding the altruism factor. The altruism of the 
incubator will reduce its revenue sharing ratio, but the final profit will increase 
when the new firm succeeds. 

Proposition 9. The incubator’s revenue sharing proportion x decreases as the 
government tax increases. In addition, x is decreasing in the proportion of fi-
nancial return R. 

Proposition 9 suggests that when the tax ratio increases, the revenue propor-
tion of the incubator decreases. That indicates the incubator focuses on provid-
ing the new venture with better service, not on obtaining more profit than the 
tax increase. At the same time, the higher financial return will encourage the in-
cubator to require a lower revenue sharing ratio. 

6. Conclusions 

In this paper, we discuss the collaboration mechanisms between the incubator 
and the venture capitalist both with and without the altruism. First, we introduce 
three sharing mechanisms: the revenue sharing mechanism, the cost sharing 
mechanism and the knowledge sharing mechanism. We then establish the profit 
functions of the business incubator, the venture capitalist and the new venture in 
different sharing mechanisms. We obtain the solutions according to the Nash 
bargaining game. By comparing the solutions, we analyze the cooperation me-
chanisms.  

The main results of our research are as follows. First, the incubator will reduce 
its profit proportion when the venture capitalist can undertake a part of the cost 
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or provide some knowledge to the new venture in the revenue sharing or the 
knowledge sharing mechanisms. Second, the profit proportion of the incubator 
is less than the proportion of the venture in the cost sharing mechanism and the 
knowledge sharing mechanism. Moreover, the final profit of the incubator will 
increase when considering altruism, even though the incubator’s revenue shar-
ing proportion will decrease. For example, when the venture capitalist provides 
knowledge to the new firm, the venture capitalist requires more profit. Therefore, 
the incubator will reduce its profit proportion and increase the venture capital-
ist’s proportion. The incubator’s profit will increase in combination with altru-
ism. Finally, the incubator’s revenue sharing proportion decreases in response to 
the increase of government tax and financial return. 

We study three cooperation mechanisms between the incubator and venture 
capitalist, and several results are significant to the cooperation in practice. 
However, there are several limitations in this paper. We assume that the revenue 
sharing proportion of the new venture is fixed, but in fact, we need to consider 
the behavior of the new venture. Therefore, in the future research, we can ex-
plore the decisions of the three parties in the model. Furthermore, empirical 
study may be needed to support the model. 

This research has just begun, and more explorations are needed. For example, 
the incubator’s effort may influence the incubation process, and the effort factor 
should also be considered. 
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Appendix: Proofs of Propositions 

Proof of Proposition 1. We have obtained Equations (4)-(6). To maximize the 
profit of the incubator, the first-order condition is 0. That is 1d d 0RSπ θ = , 
which means ( )1 2 2 0lRv l vx I cθ θ λ+ − − − = . We calculate the optimal incu-
bate level of the incubator as follows: 

( )
( )

1
2

RS v lR l x
c I

λ
θ

λ
+ −  =
+

 

Then, we try to determine the solution to the Nash bargaining problem. Ac-
cording to economic game theory, the optimal profit percentage of the incubator 
would be the solution to the problem 

1 20 1
max RS

x
π π π

≤ ≤
=  

Substitute RSθ  into π  and we derive 

( )( ) ( ) ( )( ) ( )
( )

( ) ( ) ( )
( )

2

1 2

22

2 1 1 1 1 1
2

4 1 1
4

RS l x y c I v l x y x l lR
c I

c I lR l x v lR l x
c I

α λ λ
π π π

λ

α λ λ
λ

− − − + + − − − − +  = =
+

+ + − + + −      ∗
+

  

The first-order condition of (9) is 
( )
( )

( ) ( )( ) ( ){
( ) ( ) ( )( )

( ) ( ) ( )( ) }

22
2

2

2 22

1
d d 8 1 1 1

8
6 1 1 2 3 2

1 1 3 4 3

RS l
x c I l x y l x lR

c I
c I v lR x l l x y lR

v x l lR l x y lR

π α λ
λ

α λ λ

λ

−
 = + − − − − − +   +

+ + + − − − − −      

+ − + − − − −      

 

When 0 1x≤ ≤ , we know that 

( )( ) ( )
( )( ) ( )( )

1 1 1

1 2 3 2 1 3 4 3

l x y l x lR

l x y lR l x y lR

− − − − − +  
< − − − − < − − − −

 

When 
( )

1 10
2 2 1 2

y lRx
l

−
< < − <

−
, ( )( ) ( )1 1 1 0l x l x lR− − − − + >   , we know 

that d d 0RS xπ > . 

When ( )
( )

3 1
1

4 4 1
y lRx

l
−

> > −
−

, ( )( )1 3 4 3 0l x y lR− − − − < , we know that

d d 0RS xπ < . 

In addition, d dRS xπ  is continuous. Therefore, when  
( )

( )
3 11 1 3

2 2 1 4 4 1 4
yy lR lRx

l l
−−

− < < − <
− −

, there is RSx  that makes  

d d 0RS xπ = . We obtain a conclusion that there is a solution to the Nash bar-

gaining problem, which is ( )
( )

3 11 1
2 2 1 4 4 1

RS yy lR lRx
l l

−−
− < < −

− −
. Proposition 

1 is proven. 
Proof of Proposition 2. According to the profit functions, the best level of the 

firm improvement is 
( )

( )
1
2

CS x l lR v
k c I

λ
θ

λ
− +  =

+
 when 1d d 0CSπ θ = . Adding 
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( )
( )

1
2

CS x l lR v
k c I

λ
θ

λ
− +  =

+
 to 1 2π π π= , we derive 

( ) ( )( ) ( ){
( )( ) ( ) ( ) }
( ) ( ) ( ){ } ( )

2 2

2 22 3

4 1 1 1

2 1 1 1 1

4 1 1 16

CS k c I x y l v x l lR

k l x y k x l lR

k c I x l lR v x l lR k c I

π λ α λ

λ α λ λ

= + − − − + − +  

 × − − − − − − +   

 × + − + + − + +        

 

When 0CS xπ∂ ∂ = , 0CS kπ∂ ∂ = , 

( ) ( )( ) ( )
( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( )

23 2

2

2 22

16 1 1 1

4 1 3 2 1 1 1

1 6 1 1 2 1 2 0

k c I l x y x l lR

k c I v x l lR k x y l x l lR

v x l lR k x y l x l lR k

λ α

λ α λ

λ

 + − − − − − +   
 + + − + ∗ − − − − − +       

 + − + − − − − − + − =       

 

When 
1 1

2 2 1
CS y lRx

l
−

= −
−

, and 1 2CSk = , the first-order conditions are 0. 

And
( ) ( )

1 11 1
2 2 1 2 2 1

y lR y lRx y y x
l l

− −
− − = − + − = + >

− −
. Proposition 2 is proven. 

Proof of Proposition 3. To maximize the profit, we make the first-order condi-
tion of (10) and (12) is 0. In addition, the optimal levels of support knowledge are 

( )
( )1

1
2

KS v x l lR
c I m

λ
θ

λ λ
− +  =

+ +
, 

( )( )
( )2

1 1
2

KS v x y l
c I m

λ
θ

λ λ
− − −

=
+ +

, 

( )( )
( )1 2

1 1
2

KS KS KS l y lR vr
c I m

λ
θ θ θ

λ λ
− − +  = + =

+ +
 

At the same time, the profit of the incubator and the venture capitalist can be 
obtained.  

( ) ( )
( )

( ) ( ) ( )( )
( )

( ) ( )
( )

2

1 2

2

2

2 22

2

4 1

4
1 1 2 2

4
1 1

4

KS x l lR c I m

c I m
v c I m x l lR l y x lR

c I m
v m l x y

c I m

α λ λ
π

λ λ
λ λ λ

λ λ
λ λ

λ λ

− + + +  =
+ +

+ + − + − − − +      +
+ +

× − − −
−

+ +

 

( )( )( )
( )
( )( )( ) ( )( )

( )
( )( ) ( ) ( )( )

( )

2

2 2

2

2

22 22

2

4 1 1

4
2 1 1 1 1

4

1 1 1

4

KS x y l c I m

c I m
v c I m x y l l y lR

c I m

v c I m l x y m x l lR

c I m

α λ λ
π

λ λ
λ λ λ

λ λ

λ λ λ λ

λ λ

− − − + +
=

+ +
× + + − − − − − +  +

+ +
 × + + − − − − − +  −

+ +

 

1 2π π π=  

To obtain the Nash solution, we assume d d 0xπ = , which is equal to  
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( ) ( ) ( )( ) ( )
( ) ( ) ( )( ) ( )
( )( )( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

4 22 2

22

22 2 22

22

16 1 1 1 2 4

1 2 2 1 3 4

1 1 ) 3 3 1 2

4 3 1 1 1

1 2 2 1

c I m l l x y lR v c I m

c I m x l lR x y l lR v c I m

c I m l x y x y l lR

v c I m m x y l x l lR

v l c I m l x

α λ λ α λ λ λ

λ λ α λ λ λ

λ λ

α λ λ λ λ

λ λ λ

+ + − − − − − + + +  

× + + − + − − + − − + + +      
× + + − − − − − − +  

 + + + × − − − − − +    

+ − × − + + −

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( )( ) ( )( )

( ) ( ) ( ) ( )( )( )

2 2

22

2 22

1 2 2 1 1 1

1 1 1 1 1 2

1 1 2 2 1 1 0

lR

c I m x l lR y x l lR m x y l

v l c I m x y l l x y lR

v l m x l lR c I m l x y

λ λ λ

λ λ λ

λ λ λ λ

 +  
 × + + − + − − − + − − − −       

+ − × + + − − − − + − +  

− − × − + × + + − − − =   

 

That is ( )( )1 1 2 0l x y lR− − − − = . 

Therefore, the equilibrium revenue sharing is 
( )

1
2 2 1

KS y lRx
l

−
= −

−
. 

Proof of Proposition 4. Under pure revenue sharing, we can calculate the best 

level of firm improvement 
( )( )
( )

1
2

RSA vr lR l x by
c I

λ
θ

λ
+ − +  =

+
 if  

1d d 0RSAπ θ = .Then, substituting θ for the revenue functions, we obtain 

( ) ( )( ) ( )( )
( )

22 2

1

4 1 1
4

RSA c I lR l x by v r lR l x by
c I

α λ λ
π

λ
+ + − + + + − +      =

+
  

( )( )
( ) ( ) ( )( )2 2

2

1 1
2 1

2
RSA l x y

c I v r lR x by l
c I

π α λ λ
λ

− − −
 = × + + + + −   +

 

1 2
RSAπ π π=  

In the same way, we calculate the Nash solution. If d d 0RSA xπ = , 

( ) ( )( )
( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

22

2

2 22

8 1 1 2

2 1 3 1 2 3 2

1 1 3 4 3 0

c I l x y by lR

c I v lR x by l l x y by lR

v x by l lR l x y by lR

α λ

α λ λ

λ

+ − − − − −  
+ + + + − × − − − − −      

+ + − + − − − − − =      

 

As we know,  

( )( )
( )( ) ( )( )

1 1 2

1 2 3 2 1 3 4 3

l x y by lR

l x y by lR l x y by lR

− − − − −  
< − − − − − < − − − − −      

 

therefore, if ( )( )1 1 2 0l x y by lR− − − − − >   , 
( )

( )11
2 2 1 2

b ylRx
l

+
< − −

−
, the 

left side of the equation is greater than 0, which means π  is increasing in x.  

When 
( )

3 3
4 4 1 4

lR y byx
l

+
> − −

−
, ( )( )1 3 4 3 0l x y by lR− − − − − <   , the left 

side of the equation is smaller than 0. In addition, the second order derivative 

( ) ( )
( )( )

( ) ( )( ) ( )
( )( )

22 2 2 2

22

d d 8 2 2
3 2 1 1 3 2 4

1 2 1
3 1 1 2 0

x c I v c I
l x y by lR

v x by l lR l
l x y by lR

π α λ α λ λ

λ

= − + × + +
× − − − − −  
+ + − + × −  
× − − − − − <  
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Therefore, there is a solution that makes d d 0xπ = . Therefore, we obtain the 

Nash solution that 
( )

( )
( )

11 3 3
2 2 1 2 4 4 1 4

RSAb ylR lR y byx
l l

+ +
− − < < − −

− −
. The 

proof is done. 
Proof of Proposition 5. According to (19), we can calculate the best level of the 

firm improvement is 
( )( )

( )
1

2
x by l lR v

k c I
λ

θ
λ

+ − +  =
+

. Put  

( )( )
( )
1

2
x by l lR v

k c I
λ

θ
λ

+ − +  =
+

 into 1 2π π π= , we derive 

( ) ( )( ) ( ){
( )( ) ( )( ) ( )( )

( ) ( )( ) ( )( )
( )( ) ( ) } ( )

23 2

2

2 22

23

16 1 2 1 4

3 1 2 1 1 1

2 1 3 1 1

1 2 16

CSA k c I x y by l lR k c I

v x by l lR k x y l x by l lR

v l x by lR k l x y

l x by by k k c I

π λ α α λ

λ

λ

λ

= + − − − − − + +  
 × + − + − − − − + − +       

+ − + + − − −    
 − − + + − +     

 

When 0xπ∂ ∂ = , 0kπ∂ ∂ = , we derive 
( )

( )11
2 2 1 2

CSA y blRx
l

+
= − −

−
,  

1 2CSAk = . Proposition 5 is proven. 

Proof of Proposition 6. In the knowledge sharing mechanism, the new ven-
ture’s quality improvements from the knowledge inputs of the incubator and the  

venture capitalist are 
( )( )

( )1

1
2

KSA x by l lR v
c I m

λ
θ

λ λ
+ − +  =

+ +
 and  

( )( )
( )2

1 1
2

KSA x y l v
c I m

λ
θ

λ λ
− − −

=
+ +

, when the first-order conditions of (22) and (23) are 

0.  

1 2π π π= , if d d 0xπ = , 

( ) ( ) ( )( )
( ) ( )( ) ( )( )
( ) ( )( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )

42

32

32

22 2 22

22

16 1 1 1 2

4 1 2 2 3 1 3

4 1 1 3 3 2 1 2

4 3 1 1 1

1 2 2 1

c I m l l x y by lR

v c I m x by l lR x y by l lR

v c I m l x y x y by l lR

v c I m m x y l x by l lR

v l c I m

α λ λ

α λ λ λ

α λ λ λ

α λ λ λ λ

λ λ λ

+ + − − − − − −  

+ + + × + − + − − + − − −      

+ + + × − − − − − + − +  
 + + + × − − − − + − +    

+ − × − + + −( )( ) ( ){
( )( ) ( )( ) ( ) ( ) }
( ) ( ) ( )( )( ) ( )( )

( ) ( ) ( )( ) ( )( )( )

2 2

22

2 22

1 2 2 1 1 1

1 1 1 1 1 2 2

1 2 1 2 1 1 0

l x by lR c I m

x by l lR y by x l lR m x y l

v l c I m x y l l x y by lR

v l m x by l lR c I m l x y

λ λ

λ

λ λ λ

λ λ λ λ

+ + × + +   

× + − + − + − − + − − − −       

+ − × + + − − − − + − + +  

− − × + − + + + − − − =  

 

The formula can be simplified to ( )( )1 1 2 0l x lR− − − = , and the solution is

( )
( )11

2 2 1 2
KSA y blRx

l
+

= − −
−

. The Proposition 6 is proven. 
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