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ABSTRACT 

The study of dynamics of tank vehicles carrying liquid fuel cargo is complex. The forces and moments due to liquid 
sloshing create serious problems related to the instability of tank vehicles. In this paper, a complete analytical model of 
a modular tank vehicle has been developed. The model included all the vehicle systems and subsystems. Simulation 
results obtained using this model was compared with those obtained using the popular TruckSim software. The com-
parison proved the validity of the assumptions used in the analytical model and showed a good correlation under single 
or double lane change and turning manoeuvers. 
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1. Introduction 

In general, numerical models are developed to under-
stand the liquid sloshing phenomenon coupled with tank 
structure. They are able to determine the coupling be-
havior, only under specific conditions, such as periodic 
accelerations. The effects of suspension system, tire and 
road excitation on a moving vehicle have not been taken 
into consideration. Regarding the vehicle itself, different 
simple models for tractors and trailers have been de-
scribed in literatures to study the dynamic behavior of 
heavy vehicles during various maneuvers. Ellis [1] de-
veloped a simple model for tractor-trailer type bicycle 
with four degrees of freedom where the load transfer was 
modeled using an additional degree of freedom (rolling 
motion). Hyun [2] adopted a model for vehicle with four 
degrees of freedom for the active control of roll-over of 
heavy vehicles. While various solid-liquid models have 
been developed to determine the dynamic behavior of 
vehicles carrying liquids, few models have been devel-
oped to reflect the effects of vehicle systems and subsys-
tems, such as suspension and tire components. The mod-
els adopted for the vehicle systems are all based on sim-
plified assumptions. 

It is necessary to develop a comprehensive model be-
cause a vehicle is composed of various subsystems and 
the effects of those need to be considered. AutoSim 

package, one of most popular software for modeling of 
the behavior of a vehicle, was developed at the Univer-
sity of Michigan [3,4]. Three software applications were 
created based on the AutoSim package [5]. These soft-
ware applications are CarSim, TruckSim and BikeSim 
for cars, heavy vehicles and motorcycles respectively. 
However, the TruckSim software does not include the 
effects of motion of a moving load [6-8]. They are easy 
to use for conventional vehicles only. However, they 
offer some models for unconventional designs and the 
models find applications in some specific research pro-
jects. Another drawback with these tools is that they 
work in a closed environment. Therefore the present 
work focussed on development of custom made models. 

2. Vehicle Kinematic 

To develop the model of the vehicle, there are several 
methods that could be exploited to derive the equations 
of motion such as Lagrange, Newton and virtual work 
methods. The popular alternative approach for dynamic 
modelling of vehicles is to use of simple models having a 
reasonable excution time. In this study, a new model was 
developed based on the simplified Ervin model [4]. This 
model was solved without any mathematical approxima-
tion and it took care of the complexity of liquid motion 
inside the tank. The solutions of the equations were ob-
tained using the mathematical software Maple [9]. The *Corresponding author. 
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equations were derived based on the principles of New-
tonian mechanics and conservation of linear and angular 
momentums for a solid body. 

2.1. Coordinate System 

The large number of degrees of freedom for translation 
and rotational motion, required to represent an articulated 
vehicle, excludes the use of a single coordinate system. 
In fact, the equations of motion can be written more eas-
ily if several coordinate systems are employed. The pur-
pose of this section is to identify the orientation of the 
various coordinate systems, and specify the variables 
required to connect the processing unit vectors in the 
various systems. The inertial coordinate system, the body 
coordinate system fixed to the sprung mass and the coor-
dinate system fixed to the unsprung mass were used to 
describe the system. Newton’s laws are valid only for a 
finite acceleration in an inertial coordinate system 
 , , n n nx y z . The orientations of coordinate axes were ex- 
pressed in accordance with the Society of Automotive 
Engineers’ standard (SAE), where the positive x axis 
points anterior, the positive y axis is oriented to the right 
and the positive z axis points downward. In our model, 
each sprung mass was represented as a rigid body with 
six degrees of freedom namely, longitudinal, lateral, ver-
tical, roll, pitch and yaw. For the unsprung mass, there 
were assigned two degrees of freedom namely, the roll 
and vertical motions relative to the point of attachment of 
the sprung mass. The equations were formulated such 
that there was no limit to the number of sprung and un-
sprung masses. All the equations were solved, without 
any mathematical simplification, using the symbolic 
computational software Maple [9]. 

Three coordinate systems were used to develop the 
equations of motion. The first one was attached to the 
inertial system  , , n n nx y z


, the second one was attached 

to each sprung mass , , s s sx y z  and the third one was 
attached to each unsprung mass  , , u u ux y z . Figure 1  

 

 

 

Figure 1. Fixed unit and articulated tank vehicles. 

shows the coordinate systems for fixed unit and articu-
lated vehicles. 

2.1.1. Coordinate System Fixed to the Sprung  
Mass 

The three rotational motions of the sprung mass were 
expressed by the three Euler angles: yaw s  (around 
axis ), pitch z s  (around axis ) and rolling motion y

s  (around axis x ) as shown by Figure 2. 
The transformation matrix between inertial system and 

the system fixed to the sprung mass was defined sepa-
rately for the three successive rotations: yaw, pitch and 
roll. 

Yaw s :  

   T T

1 1 1sn n ni j k i j k  

cos sin 0

sin cos 0

0 0

s s

s ss

 
  

 
   
 
 1

         (1) 

Pitch s :  

  T T

1 1 1 2 2 2s
i j k i j k   

 

kn , k1
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i1
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j1



s

s
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k1

i2

i1

j1





k2  
(b) 

k1

i2

i1

j1





k2  
(c) 

Figure 2. (a) Yaw: 
sz s nw k ; (b) Pitch: 1


sy sw j ; (c) Roll: 


sx s sw i . Sprung mass orientation defined by euler angles. 
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2.1.3. Coordinate System Fixed to the Unsprung Mass cos 0 sin

0 1 0

sin 0 cos
s

s s

s s



 


 

 
   
  

         (2) 

Roll
 s :  

   TT

2 2 2 s s s si j k i j k  

1 0 0

0 cos sin

0 sin cos
s s s

s s

  
 


 
  








         (3) 

As mentioned earlier, two motions were assigned to each 
unsprung mass, namely, the roll motion and vertical mo-
tion relative to the sprung mass. It may be noted that the 
pitching motion of the unsprung mass, representing the 
axle of vehicle, is infinitely small and can be neglected 
[3]. The orientation of the sprung mass relative to the 
inertial coordinate system was defined by two rotational 
motions namely, yaw motion s  and roll motion u  
as illustrated in Figure 3.  

The transformation matrix between the system fixed to 
the unsprung mass and the inertial system can be ex-
pressed as:  

The transformation matrix, connecting the inertial sys-
tem and the system fixed to the sprung mass, was ob-
tained by combining the three matrices as follows: Yaw s :  

   T T

1 1 1sn n ni j k i j k    T Tn
n n n s s s si j k R i j k  

cos sin 0

sin cos 0

0 0
s

s s

s s

 
  

 
   
 
 

n
s s s s

R              





           (4) 

1

         (10) 
where: (please see Equation (5) below) 
and:  

  
1T Tn

s s s s n n ni j k R i j k


       (6) 
Roll u :  

   T T

1 1 1uu u ui j k i j k  
with index ( , ). cosC  sinS 

1 0 0

0 cos sin

0 sin cos
us

u u


2.1.2. Linear and Angular Velocities of the Sprung  

Mass 
u  

 

 
   
  

        (11) 

The equations of motion of each sprung mass were de-
veloped and written for the system fixed to the sprung 
mass in terms of linear velocity  , , s s s  and angu-
lar velocity 

U V W
, , s s s  of the center of mass of the 

sprung mass. In order to calculate the velocity and Euler 
angles, expressions connecting the linear and angular 
velocities for both the systems were developed. 

p q r

 

kn , k1

in

i1

jn

j1



s

s

 
   TT n

s s s sx y z R U V W           (7) 

2s s s s s s s s s sp i q j r k i j k         (a) 
n       (8) 

i1 , iu



k1 ku

ju

j1



 

Introducing the transformation matrices between the 
two systems, the relationship between the angular veloci-
ties can be calculated by the following equations: 

sin sin sin cos

cos cos
s s s s

s s s
s s

sp q r
  


 

   

 

cos sins s s s sq r                       (9) (b) 

sin cos

cos cos
s s

s s s
s s

q r
 


 

 
 

Figure 3. (a) Yaw; (b) Roll u . Unsprung mass orientation 

defined by Euler angles. 

 

s s s s s s s s s s s s
n
s s s s s s s s s s s s s

s s s s s

C C S C C S S S S C S C

R S C C C S S S C S S S C
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Therefore, the transformation matrix, that connects the 

sy

  (12) 

The angular velocity of the unsprung mass can 
fin

s            (13) 

By introducing the transformation
th

stem fixed to the unsprung mass and the inertial system, 
can be obtained by combining the above two transforma-
tions ((10) and (11)). 

 u u ui j k T T

u s n n ni j k         

be de-
ed by the following equation: 

u u uw p i  sr k  

 matrices between 
e inertial system and the system fixed to the unsprung 

mass, the angular velocity was expressed in terms of 
Euler angles as follows: 

u up                  (14) 

On the other hand, the road e
co

  (15) 

xcitation forces are in 
ntact with the unsprung mass. These forces are trans-

ferred to the sprung mass through the suspension system. 
Therefore, the transformation matrix between the two 
systems fixed to the sprung and unsprung masses needs 
to be calculated. 

 i j k T

u s su u u s s si j k               
T

u s s

u
sR                           

where: (please see Equation (17) below

otion of the vehicle it 

 (16) 

). 

2.2. Sprung Mass Kinematics 

For the derivation of equations of m
is necessary to calculate the expression for the accelera-
tion of an arbitrary point on the vehicle. Figure 4 shows 

fO  as the coordinate system fixed to the road (inertial) 
and bO  as the system of the body coordinate with a 
 

 

f

b

x
y

z

ap

Vp

p

zb

xbyb

r

rp

rb

 

Figure 4. Coordinate systems. 

translational velocity sv  and an angular velocity sw . 
For a given vector q ,  following expression [10] was 
obtained:  

the

s
f b

q q w
t t

    
q         

       (18) 

The indices f and b indicate that the derivative was 
calculated with respect to the inertial system and system 
of the body concerned respectively. 

The velocity of point p in the vehicle, relative to iner-
tial system, can be calculated by the following expres-
sion:  

p s
f

v v r
t

     
 p          (19) 

Therefore, substitution of Equation (18) in Equation 
(19) gives:  

p s p s p s p s p
b

v v r w r v r w r
t

          
  (20) 

The acceleration of the point can be calculated 
di

p  by 
fferentiating Equation (20) with respect to time: 

   

  2

p p
f

s p s p s s p s p
b

s s s s p s s p s p p

a v
t

v r w r w v r w r
t

v w v w r w w r w r r

    

           

          

 

   

 (21) 

Since the center of mass of the sprung mass coincides 
with the origin of the coordinate system attached to the 
sprung mass, acceleration of the center of mass of the 
sprung mass was obtained by replacing  0pr   in  
Equation (21): s s s sa v w v   . 

d

d
d

d
d

d

sx

sy

sz

U qW rV
ta

a V rU p
t

a
W pV qU

t

   
   
        
   

   
 

 W


        (22) 

In this study, it was assumed that the load of the liquid, 
represented by the center of mass, can move as a material 
point and can be represented by a remote vector  T, , L L L Lr x y z  from the center of mass of the sprung 
m e angular velocity  T, , s s sass with the sam p q r  as that 
of the sprung mass of the vehicle as sh ure 5. own in Fig

 

s s s s s
u
s s u s u s u s u s u s s

u s u s u s s u s u s s

C S S S C

R S S C C S S C C S S C C

C S S C C S C S S C C C

    
           
           

 
      
    

               (17)
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Hence, the acceleration of the center of mass of the liquid 
can be obtained by replacing the expression  p Lr r

 the interactio
odeled as a 

 in 
Equation (21). Moreover, in this study n 

ween the vehicle and the liquid was m
 

coordinates of the vector 

bet
multi-body system using small time step t . As the 

Lr  
an

were updated at each time 
step, the relative velocity d acceleration relative to the 
coordinate system fixed to the
glected. 

 sprung mass were ne-

 L s s s s L s s La v w v w r w w r           (23) 
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2.3. Unsprung Mass Kinematics 

The position of the unsprung mass is located in relation 
to the point where the sprung mass is attached as shown 
in Figures 5 and 6. 

ru         (24) 

Equation (25) with respect to time: 

 u f rf
r r r   r  

where: 

fr : represents the position of center of sprung mass 
from the inertial system. 

 , 0, r r r s
r x z : represents the posit

lative to the system fixed to the sprung mass. 

mass. The veloc

ion of the roll  

center re

 0, 0, ru u u
z : represents the position of the roll  

center relative to th

r

e system attached to the unsprung 
ity was calculated by differentiating 

Equation (24) with respect to time: 

   s s r u ru ru

u s s r r u ru ru

s u
V w r w r r      

The acceleration was calculated by differentiating 

V V w r r w r r      
   (25) 

  
 

u s s r s s r

2

s

u ru u u ru

ru ru u

a a w r w w r

w r w w r

r r

     

    
  

 






 

u ru uw r w     


    (26) 

where suffixes  s  and  u  
rung m

indicate systems fixed to 
the sprung ma unsp ass respective

is the angular velocity of the sprung 

is t  

ted to the sprung m

 

ss and ly. 

 T, , s s s sw p q r  

, 0mass and , u u sw p r he angular velocity of the 

unsprung mass. 
As described in Figure 7

 T  

, suspension forces transmit-
ass for each axis can be expressed as 

follows:  

1 2

supi syiF F

F F

   
  

            (27) 

1 2

sxi sxi

szi szi ui

F F 

 

Figure 5. Vehicle mathematical model. 
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Figure 6. Unsprung mass kinematics. 
 

here:  w

1sziF  and 2sziF  are the vertical suspension forces at  

left and right sides respectively.  

syiF  is the internal lateral force applied to the roll  

center of each axis. This force is the result of the lateral 
forces applied to the tires.  

1sxiF  and 2sxiF  are the longitudinal suspension forces 

at the right and left sides respectively.  
The suspension forces in the system attached to the  

sprung mass can be defined using the transformation 
matrix that con ects the unsprung mass and sprung mass 
(Equation e internal forces can be eliminated 
according to t e dynamic equations of motion for each 
axis , as illustrated in Figure 7. 

Si  
n

 (17)).Th
h

i

1 2

1 2

sxi sxi
si

supi ui syi

szi szi ui si

F F

F R F

F F

  
     

    

           (28) 
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4

1

cos

sin sin

ysi ui ui ui wyi ui
j

wzi ui ui ui
j

F m a j F

F m g



 





 
     

 
 

  
 




    (29) 

 
4

1 2
1

xsi xsi ui ui ui wxi
j

F F m a i F


    
   

  (30) 

o  allows to consider a 
joint as a point. With this assumption, the number of de-
grees of freedom was reduced. Thus w
expressions for velocity and acceleration of the trailer  

 

2.4. Fifth Wheel Kinematics 

The motion of the sprung mass of tractor and trailer are 
coupled via the fifth wheel joint. Several studies sug-
gested to consider joint connection as a rigid one in the 
case f translational motion. This

e can calculate the 

 

Figure 7. Vehicle model (front view). 
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depending on the velocity and acceleration of the tractor 
[4]. If the harness is not rigid enough, it can be modeled 
as an assembly of a spring and a damper in parallel [3]. 
However, torsional component of the fifth wheel acts in 
the case of rolling motion. From Figure 8, velocity and 
acceleration of point C were calculated with respect to 
the two systems fixed to the sprung masses of tractor and 
trailer as follows:  

2         (31) 

2

with:  

 and 

where:  

and  

1 / 1 2 /c s c s s c sV V V V V     

1 / 1 2 /c s c s s c sa a a a a     

/ 1 1 1 1 1c s c s c sr x i z k  / 2 2 2 2 2c s c s c sr x i z k   

/ 1 1 / 1c s s c sV w r   

/ 2 2 / 2c s s c sV w r   

 / 1 1 / 1 1 1 / 1c s s c s s s c sa w r w w r      

 / 2 2 / 2 2 2 / 2c s s c s s s c sa w r w w r          (32) 

The following relations can be obtained by introducing 
the expressions of Equation (32) in Equation (31). 

1 1
2

1 1 1 1 1 1

1 1 1 1 2

2 2

2 2 2 2 2

2 2 2 2

c
s

c s c c

c s s

c

c c

c s

U qz

V R V r x p z

W q x

U qz

V r x p z

W q x

  
      

    
 

    
  

      (33) 

The transformation matrix 2
1
s
sR  

ss of trailer 
between the system 

attached to the sprung ma  2s  


and the sys-
tem fixed to the sprung mass of tractor 1s  can be cal-
culated through the inertial syste  as fo  m llows: 

2 2
1 1
s s n
s n sR R R  . 
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R
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Figure 8. Fifth wheel kinematic. 
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s
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c c c c
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t t

a R V r x p z
t t t

W q x p V r x p z q U q z
t t
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c c c

c cr U q z p W q x   

  
 

   

   

   

2

2 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2 2 2

2

d d

d d

d d d

d d d

d d

d d

s

c c c c
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c c c c

s

U q z q W q x r V r x p z
t t

V r x p z r U q z p W q x
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W q x p V r x p z q U q z
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            (34)
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The simultaneous solution of Equations (33) and (34) 

gave the final expressions for the velocity and accelera-
tion of the trailer as a function of the velocity and accel-
eration of the tractor. 

The sweep on the roll angle between the tractor and 
trailer was useful to calculate the constraint of the fifth 
wheel for the roll motion (roll moment):  

1 1 1 2cs xc s s sM k i    

  2
2 1 2

s
cs s xc s s s1M R k i          (35) 

3. Vehicle Kinetics 

This section is devoted to the definition of variables with 
some algebraic manipulations chosen for the equations of 
motion. All kinetic parameters were developed for an 
articulated vehicle. The same settings were a

case of a unit vehicle. The free body diagram shown in 
Figure 7 shows the external and internal forces and mo-
ments applied to each subsystem of the vehicle. To ob-
tain the equations of linear and angular motions, it is 
important to model the rigid body as a set of material 
points. 

3.1. Linear Motion 

The application of Newton’s laws eventually gives the 
equations of linear motion for the tractor and trailer.  

i

pplied in the  

i iF m a                (36) 

The equations of translational motion can be obtained 
by the combination of the Equations (36), (22), (24), (29), 
and (30). These equations ere represented by second 

ial equations for sprung mass si: 
 

w
order different

   

     

1 2
1 1

1 2
1

cos sin sin

cos sin sin Constraint forces

k k

si si Li Li si si sxj sxj uj si syj
j j

k

uj si szj szj si si Li si
j

m a m a i F F F

F F m m g

  

  

 



    

    

 

  i
(37) 

    

   
   

1 2
1 1

1 2 1 2
1 1

cos cos sin cos sin sin cos

cos cos sin sin sin

cos sin Constraint forces

k k

si si Li Li si uj si uj si si syj uj si szj szj
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j j
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m a m a j F F F

F F F F

m m g j
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1 2
1 1
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cos sin sin cos cos sin sin
k k

si si Li Li si uj si uj si si syj uj si szj szj
j j

k k

Li

m a m a k F F F

F

m

      
 



       



cos cos cos

cos cos

uj si si
j

si si sim

  

 



 



 
w

  

1 2 1 2
1

sin cos

Constraint forces

szj szj si si sxj sxj
j

si

F F F

g k

 


  

 



   
   

(39) 

here 
1i  : tractor 
2i  : trailer. 

j : axle number. 
k : axle number.  for tractor3k   and 2k   for 

trailer. 
: liquid. L

is : sprung mass i . 
In this study the constraint forces due to the fifth 

the equations of motion in the case of a unit vehicle, only 
change of the indices  was needed.  

The equation of ve of the sprung mass for 
each axis was given by the folowing expression: 

wheel were eliminated by using the kinematic Equations 
(33) and (34) developed earlier. It should be noted that 
all these equations of motion were programmed in the 
Maple software in a systematic way. Therefore, to obtain 

 1 , 3i k 
rtical motion 

i  

 ui ui uim a k

1j 1

cos sin
k k

wzij ui wyij ui
j

F F

1 2cosui ui szi szim g F F

 


   
     

  
   

  
where:  

i : axle number. 





   (40) 

: number of tires in each axle.j  
k : 2k   fortractor front axle and 4k   for the 

other axles. 

3.2. Angular Motion 

It is important to model the rigid body as a system o
material points  with masses 

f 
p pm  

g to
to obtain the equa-

tion of angular tion. Accordin  Newton’s equation, 
angular momentum relative to the inertial system can be 

 mo
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given by the following expression:  

s p p p
p p

pM M r m      r       (41) 

Substituting Equation (21) in (41), the following ex-
pression can be obtained:  

 
s s s s p

s p p
p s s p

v w v w r
M m r

w w r

    
  
    


 

           (42) 

 

 

s p p s s s
p

p p s p p p s s p
p p

M m r v w v

m r w r m r w w r

   

          



 





   p p s s s s s s s s
p

m r v w v m r v w v          

The second and third terms of Equation (43) can
be simplified [10] as: 

 also 

p p s p s
p

m r w r I w     s    

 p p s s p s s
p

m r w w r w I w        s

Therefore Equation (42) takes the following form: 

 s s s s s s s s s s sM m r v w v I w w I w           (44) 

Since the sprung mass center coincides with the origin 
of the body axis system 

(43) 

The first term of Equation (43) can be simplified as:  
 sr o

form
, the expression of an-

gular motion (44) can be ulated as follows: 
 

   2 2

d d

d d

d

d

d d

d d

s s ys s xzs s xs s s xzs s s zs

s s s s s s s ys s xzs s xzs s s zs s s xs

s zs s s ys s s xzs s s xs s xzs

r q I r I p I p q I r q I
t t

M I w w I w q I p I r I p r I p r I
t

r I p q I r q I p q I p I
t t

            
    

           
  

           
    

         (45) 

T  

    

he matrix of inertia siI  was expressed in th teme sys si as follows: 
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Since the tractor body and the trailer body can be mod-
eled as contained bodie atical expression
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             (46) 

 

s, all mathem s can 

be expressed by integrals    instead of a sums   . 

The moments applied to the sprung mass due to the 
liquid load and the suspension forces expressed in axis  

sy
lows: 

stem fixed to the sprung mass were calculated as fol-
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         (48) 

 

S s of
omen

48) and the moments due to the fifth wheel 

constraints (35), the final equations of angular motion of 
the sprung mass (si) can be obtained as follows:  
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u stitutinb g in Equation (45), the term  the mo-
ments due to the liquid charge (47), the m ts of the 
suspension (
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k: axle number k = 3 for tractor and k = 2 for trailer. 
The equation for rolling motion of the sprung mass of each axle can be given by the following 
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where: 

: axle index. i
j : number of tires in each axle. 

for the front axle of the tractor and k : 2k   4k   
for other axles. 

3.

t f l and 
ansm ass 

th

with a linear spring and a damper assembled in parallel. 
The vertical force applied on the vehicle through the 
suspension system was assumed to be equal to the sum of 
the static equilibrium force and the excitation forces. 

3. Suspension Model 

The external forces acting on the vehicle are generated 
mainly due to the contac orces between whee
ground. These forces are tr itted to the sprung m

rough the suspension system of the vehicle. To sim-
plify the model, the suspension system was represented 

staticsi uj uj uj ujF K e C e F           (53) 

where uje  is the suspension deflections and can be cal-
culated based on the geometry of the vehicle. 

 
 cos sinuj si ujx 

 
sin cos cos cos sinuj s uj si uj si si uje z s       

d

duj uje e
t

                (54) 

where: 
: sprung mass of tractor. 
: sprung mass of trailer. 

1i 
2i 

j : axle number (  for tractor and 1, 2, 3j  4, 5j   
for trailer). 

3.4. Tire Model 

The tire is an essential element in a vehicle. It represents 

the contact between wheel and ground. The forces and 
moments transmitted to the vehicle
wheel-ground interaction are com
These forces and moments depend primarily on normal 
forces, longitudinal and lateral load transfer, slip rate 

 by the tires due to 
plex and nonlinear. 

  
and slip angles   as illustrated in Figure 9. 

xperimental tests. The forces and moments were 
characterized according to vehicle velocity, normal force, 
longitudinal slip ratio and slip angle [4,11-14]. T
models usually have a better prediction capability for the 
traction force of contact. However, their data are specific 
for the type of tire which reduces their universal use. 
There are other numerical models which use different 
analytical approaches [15-17]. The cho

 

There are several models available for tires. Most
studies have used linear model or models based on tables 
from e

 

hese 

ice of model of  

 

Figure 9. Forces and moments applied on the tire. 
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the tire affects the calculation of the efforts at the wheel- 
soil interface. The data from these models are important 
when one wants to make a dynamic model of a vehicle. 

In this study the efforts of the tires were studied with 
the model called slip circle [11,18]. The model is closely 
related to the model of friction ellipse shown in Figure 
10 [11].  

ith this model, it is possible to obtain lateral and 
lo ns 
ba
as, braking/traction alone or direction case, as illustrated 
in Figure 11. 

The calculation was based on the evaluation of friction 

W
ngitudinal forces in the case of combined motio
sed only on measured data for separate motions such 

x  and y . The calculation of these coefficients de-
s on the rate of longitudinal slip pend   and slip angle 

 . The rate of longitudinal slip of the tire 
ulated by the formula: 

and slip angle 
can be calc

w w pr U





pU
              (55) 

1tan axe

p

V

U
    

w w p

w w

r U

r







               (56) 

1tan axe

p

V

U
    

where wr  is the radius of the wheel and w  the veloc-
ity of rotation of the wheel. Vaxe is the velocity of lateral 
translation of the axis and Up is the longitudinal velocity 
of the tire as shown in Figure 12. 

The expressions can be evaluated from 
f m

H  (57) 

the velocity of 
center o ass of the vehicle. 

 cos cosaxej si si si uj si rj ujV V r x p z p     uj uj

1pj si jU U T r 
 si

 2 2pj si j jU U T d r  
 si                 (58a) 

3pj si jU U T r 
 si

 

Fx max

Fy max

Fx

Fy

TractionBraking

 

Figure 10. Friction ellipse concept. 

 
(a) 

 
(b) 

 
(c) 

Figure 11. (a) Lateral tire-road contact force; (b) Longitudi- 
nal tire-road contact force; (c) Aligning moment generated 
at tire-road contact. Experimental forces and moments 
generated at tire-road contact for several vertical load 
charge [19]. 
 

 

Figure 12. Tire model. 

Copyright © 2013 SciRes.                                                                                 WJM 



M. TOUMI  ET  AL. 133

 4 2pj si j j siU U T d r           (58b) 

3.4.1. Tire Vertical Load 
In this study, the vertical load of the tire was modeled as 

inear sp ing. Therefore, the vertical force depended on 
the spring constant. 

wzij ij ijF Kt               (59) 

The tire deflections were calcula

a l r

ted from the geometry 
of the vehicle as follows: 

j

z

  
(60) 

 1 01 0
1 cos

sin cos cos

sin cos

j si uj uj u

rj si uj si si rj

uj j uj uj

z z z

z x

T z



  

 

      

  

 

2 1 cosj j jd uj   
 

3 1 cosj j jT uj   
                 (61) 

 4 1 cosj j j jT d uj    
 

To calculate the combined forces, a dim sional vec-
tor of slip amplitude 

en
  and direction   was defined 

[20] as: 

 22 sin               (62) 

   sin
tan







 
The coefficients of friction between the tire and the 

ground, in the case of the combined forces, took the 
forms below: 

           , cos ) sinx y           
2 2

     , , cosx                     (63)

     , , siny        

Finally, longitudinal and lateral forces in the case of 
combined motion were calculated:  

   , ,x x zF F    
           (64) 

   , ,y y zF F    
 

3.4.2. Braking Force 
The braking to account 
forces and m o rota-
tion (spin) of the wheel as shown in Figure 13. Accel-
eration of rotation (spin) of the wheels 

 force was calculated by taking in
oments developed in the wheel due t

wi
whee

 were calcu-
lated from the rotational motion of the ls as follows 
[21]:  

     (65)  wi wi d bi ri xi wI T T M F r      

d e diff transT T    

ww

Fxi

Iwi

Mri

rw

T
bi

T
d - -

 

Figure 13. Wheel dynamics. 

4. Vehicle Model Validation  

The TruckSim software, developed by the transportation 
center of the University of Michigan (UMTRI), is spe-
cialized in the simulation of heavy vehicles [15,19,22]. 
The center also developed software applications: CarSim 
for tourist vehicles and BikeSim for motorcycles. Truck-
Sim, the most popular software in this field, was used to 
represent and study the dynamics of vehicles in a com-
puter environment. It is po le to analyze a large num-
ber of vehicle configurations, since the software has a 
library of existing models in the transportation industry. 
However, TruckSim can only add a load that is consid-
ered to be fixed on the semi-trailer. This feature does not 
allow to study the dynamic behavior of liquid sloshing in 
tanker trucks. The TruckSim library also has a number of 
predefined trajectories and maneuvers that can enable 
researchers to validate the behavior of the vehicle model 
developed, for difficult maneuvers such as motion in a 
curve, change of single and double lanes. In the Truck-
Sim environment, the maneuvers are predefined paths, 
i.e., the excitation is repre  a displacement vec-
tor. However, for the model oped in this study, the 

idered the same configuration for a unit or articulated 
vehicle as defined by the Tables 1 and 2 in the annexure 
[22]. Two lane change maneuvers (single and double) 
with a constant speed 

 
ssib

sented by
devel

excitation was defined by the angle of steering or braking 
torque as an input parameter. From the output vector, the 
response of the steering angle was recorded. This re-
sponse was the input parameter for our model that con-
s

70 km hv  were chosen to com- 
pare the two models. he trajectory and 
the steer angle during the two maneuvers [22].  

Figures 15 and 16 represent the comparison between 
model simulations for the unit vehicle and the TruckSim 
software respectively. The vehicle directional responses 
were evaluated using two difficult motions, such as 
change of single and double lanes. This comparison was 
characterized in terms of roll angle, lateral acceleration 
of the center of mass and trajectory tra led from the 
center of mass. T  a good correla- 

Figure 14 shows t

ve
he simulation showed
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Table 1. Geometric parameters of un

(a) 

it vehicle. 

Parameters Symbols Values 

Spring mass (kg)  sm  4457 kg 

Roll inertia moment (kg 2·m ) xsI  2287 kg·m  

Pitch inertia moment (kg·m2) 

2

ysI  35,408 kg·m2 

Yaw inertia moment (kg·m2) zsI  34,823 kg·m2 

Height of mass center of  
gravity of spring (m) cgz  1.173 m  

Distance between the center of 
mass and the front axis (m) 1ux  1.135 m  

Distance between the center of 
mass and the rear axis 1 (m) 2ux  3.252 m  

Distance between the center of 
mass and the rear axis 2 (m) 3ux  4.522 m  

(b) 

Unspring mass. 

Parameters Axle 1 Axle Axle 3 2 

msu (kg) 527 1007 973 

Isu (kg 2    ·m ) 612 579 584

Izu (kg·m2) 612 579  

K (kg·m2/rad) 432 3389.54

2.022 2.06 2.06 

0.828 1.  1.031 

584

 3389.54 

 2 miT  

 2 miS  029

 mid  0 0.31 0.31 

 mriH  0.533 0.686 0.704 
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(b) 

Figure 1
trajectory

4. (a) Simple lane change maneuver and the desired 
; (b) Double lane change maneuver and the de- 

sired trajectory. Maneuvrer used for the com
tween the model and TruckSim software. 

Table 2. Geometric parameters of a ticulated vehicle. 

(a) 

Parameters Tractor 

paraison be- 

r

 1s  Trailer  2s

Spring mass (kg)  6308 2800 

Roll inertia moment (kg·m2) 6879 2400 

Pitch inertia moment (kg·m2) 21,711 40,000 

Yaw inertia moment (kg·m2) 19,665 40,000 

xte inertia product  Mi
Ixz  (kg·m2) 

130 - 

Height of mass (  of  

gravity of spring 

CM) center

 m  1.02 1.7 

Distance between  CM  and  1

the fifth wheel  m  
4.601 - 

Distance between  2CM  and  

the fifth wheel  m  
- 5.5 

Distance between  1CM  and  

the axle number 1  m  
1.384 - 

Distance between  1CM  and  

the axle number 2  m  
3.242 - 

Distance between  1CM  and  

the axle number 3  m  
4.522 - 

Distance between  1CM  and  

the axle number 4  m  
- 3.9 

Distance between  1CM  and  

the axle number 5  m  
- 5.2 

(b) 

Unsprung mass. 

Parameters Axle 1 Axle 2 Axle 3 Axle 4 Axle 5

 kgusm  527 1007 973 735 735 

 2kg mxuI   612 579 584 586 593 

 2kg mzuI   612 579 584 586 593 

 2kg m degK  1186.3 1581.8 119.8 1468.2 1468.2

 2 miT  2.022 2.06 2.06 2.06 2.06 

 2 miS  0.828 1.029 1.031 1.118 1.118 

 mid  0 0.31 0.31 0.31 0.31 

 mriH  0.553 0.686 0.704 0.717 0.676 

 
tion between the two models. A small difference was 
noted for the trajectory of the center of mass. This dif-
ference may be due to the steering angle error of the out-
put vector obtained using TruckSim. In addition, excite-
ment used for the TruckSim software was in closed loop 
(predefined trajectory). 
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Figure 15. (a)-(d) Single lan ange maneuver for a unit 
vehicle (Solid: trucksim; Dashed: model). 

 
In case of articulated vehicles, the analysis was more 

complicated. This difficulty was due to addition of the 
hinge point where there were additional forces and mo-
ments acting between the tractor and trailer. Figures 17 
and 18 represent the comparison between the two models 
for the same difficult issues such as motions during 
change of single and double lanes. A good overall corr
lation was observed. Howe  our model underestimated 
the response to some extent. This difference in response 
was observed due to yaw motion. TruckSim software  

e ch

e-
ver,
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Figure 16. (a)-(d) Double han ane
vehicle (Solid: trucksim; Dashed: model). 

 
was able t  handle such situation in a better way. This 
difference can be e plaine ased o  ass ption t at 
the fifth wheel w on  gi  f r 
m el. However, in TruckSim it was modeled by a 

 

lane c ge m uver for a unit 

o
x d b n the um h

as c sidered as a ri d body or ou
od

spring-damper combination, which can represent multi-
body connections between subsystems in a better way. 
The increase in the response of yaw motion influenced 
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Figure 17. (a)-(f) Single lane change maneuver for an articulated vehicle (Solid: trucksim; Dashed: model). 
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n articulated vehicle (Solid: trucksim; Dashed: model). Figure 18. (a)-(f) Double lane change maneuver for a
 
the trajectory of the vehicle as illustrated by Figures 17 
and 18. This may be due to the error of steering angle 
recorded from the TruckSim output vector. Still, this 
difference did not practically affect the very good corre 

lation between the two models. 

5. Conclusions 

A complete nonlinear three-dimensional vehicle model 
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was developed and validated by Trucksim software. Both 
unit vehicle and articulated vehicle combination systems 
were considered in this study. The model gave realistic 
results in simulation of handling maneuvers near and 
beyond the adhesion limits. 

The load-transfer for mobile charge due to the liquid 
was accurately modeled and integrated into the vehicle 
model as a multibody system. The dynamic responses of 
tank vehicles were further investigated in view of varia- 
tions in vehicle maneuvers, fill volume, road condition, 
and tank configuration [8]. 

This research, can help better understanding of this 
kind of complex problem
answer some quer
bility of the heavy vehicles, in particular for the tank- 
truck. 
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Definitions of Symbols 

siU : Longitudinal velocity of sprung mass si ;  

siV : Lateral velocity of the sprung mass si ;  

sir : Yaw rate of the sprung mass si ; 

sip : Roll rate of the sprung mass si ; 

jd : Distance between the two tires; 

jT : Distance between the center of mass of the axle 
j  and the center of (one tire or dual tires); 

ujx : Longitudinal distance between the center of mass 
of the axle j  and the center of the sprung mass is ; 

rjz : Vertical distance between the roll center of t
ax

he 
le j  and the center of the sprung mass is ; 

ujH : Vertical distance between the roll center roll of 
the axle j  and the road; 

01 : Initial deflection due to static deflection; 

siz : Sprung mass vertical displacement si ;
 

ujz : The vertical distance between the roll center an
ce

d 
nter of the axle j ; 

 

0

ce
ujz : Initial vertical distance between roll center and 

nter of the axle j ; 
 

rjz : The vertical distance between the roll center and 
center of mass of the sprung mass si ;

 
csiM : Moment due to constraints of the fifth wheel;

 
supiM : Moment due to the suspension forces;

 
dT : Wheel drive troque;

 
eT : Engine torque;

 T : Wheel braking torque;bi  
wiT : Wheel moment of inertia;

 
trans : Transmission ratio;

 
diff : Différentiel ratio;

  : Torque function (the fraction of engine torque ap-
plied to the specific wheel);

 
xiF : Longitudinal tire-road contact force;

 
riM : Resistance moment of the tire. 
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